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Motivation

The spatial topology of the Universe is an unresolved problem.
Observational Data:
(2, = 0.00040.005 (95%, Planck TT+lowP+lensing+BAO)
It is never manifest if the Universe is flat, closed, or open.
There are trials for inflation models in closed/open universe
.- predict some peculiar feature distinguishable from FLAT models

:- but, still beyond the current observational resolution

We may consider an object such as a black hole in different spatial topologies.



Metric

Introduction (S3 and H3)
. 4

2 a2 2 Y 2

(t,7,0,®) coordinate system,

?,2
ey

ds® = Fdt* + 2403

(t.x.0., ) coordinate system

r = [gsin v, (r < Rp),

ds® = —dt* + Ridx* + R} sin® xd3.

r = Ry cosh y, (Rp < r < 00),
ds? = +dt* — Ridx? + R% cosh? xdQs3.

r = Rgsinh vy, (0 <r < o0),

ds? = —dt® + R2d\* + R2 sinh® xd3.

k=+1: S3,

Spatial Embedding, +: S3, -: H3

k=-1: H3



Effective Energy-Momentum Tensor

_ r .. I
G = ¢F<illﬂ-£4§{-‘3- 1,1.1) =38xT}| : constant, -: S3 (p>0), +: H3 (p<0)
0

1
» pP==3P= const.| : Eq. of State

R3: Schwarzschild BH if M=0, Minkowski Space: spatially flat

)7 9 —J.
ds* = — (1 — ﬁ) dt* + (1 — ﬁ) dr? + r2dQ3

r r

Can we have such a black hole parameterized by MASS in S3/H3?

T = F

3 sdiag(3,1,1.1) with effective EM tensor
TR§

ds? = —f(r)dt® + g(r)dr® + r*dQ2. search BH solution
) . 2

» NO such a solution exists



Black Holes in S3/H3 with Static Perfect Fluid & E-Field

Introduce “Static Perfect Fluid” & “Electric Field”

(t,7,0,¢) coordinate system,

metric ansatz | 752 = — 7 (r)dt? + g(r)dr® + r2dQ3.

EM tensor | 7} = diag[—p(r). p(r). p(r). p(r)].

1
Eq. of State | (1) = —5,(r){ : require S3/H3 boundary condition

EM tensor ' E* (7) .
TH = diag(—1,—1.1,1)]
27 (g (r) e )




Einstein Eqs.

o_ 1 L_g_’_ 0 ~ N B
Gy = I, T 87T+ T))) = =87 [p(?) + 279 |
1 _ i i f! _ 1 1\ _ . EQ("”)
Gy = 2 + r2g + rfg 87(Ty +7T;) =8x [p(”f) . 2f(r)g(r) |
DTS L R S R N S B
=gy Ay g g Tapg T ) =8 [p(T) T2 men)
Matter-Field Eq. V(7" +TH"") =0,
fl 3E2 (Ef ff gl 2)
"+ — = —5+=-]=0
P R \E T2 29 )
{ j
|
VMT;U/ — () vuT,lu/ — 0 — v#jf_"j.iu —
i 3 2 o QF (1 1
Solutions pr) = — o {1 a| B 802 + )] V> + ! (__ ﬁ)}
Ta r : a 21
p(r) -1 8w
Fr) = L0 g7 = =P el
E(r)= : _Q ot where p. = —%
Q2 _.'_.3{_}..2 € n” la 8T
» (1) Fluid BH: Q@ = 0.
(11) RN BH: & — o0, # — 0, but a8 = finite.




E (t,x,0,®) coordinate system

K= 2R3|517/2.

. 2
Define new parameters : (i F lol,

T

3-space curvature scale

¥

Mass Parameter

Class p(x) ) 9(x)

Sa-1 %‘2‘ 1 — K cot y— f—RT(l — cot? ) ’ng) (pe > 0) Bﬁj(x)
Ss-11 Toig |1 F K tanh x— g (1 4 tanh” y) 2, (pe < 0) 570
Hs —FBRg 1 F K coth X+ (l + coth? X) Pf)f) (pe < 0) Sinf(x)




Classification of Solutions

ds® =

2

[1 — K cot y — GQ—I?g(l — cot? X)] dt?

3
STTR.ng

+ o
1 — K cot X — (Q2/GR3){1 — cot? X)

dx? + R3 sin® ydQs3.

3KR2 =T,
QQ

Yh =yt =cot™ ! ( ) . where J; =9K?R: —6Q*R3 + Q*.|: would-be horizon

f(r) .

Naked singular solution

Singularity N— ——@ Singularity
(not accessible) RN black-hole solution (not accessible)



2

1© @K tanh y — Q—Q(l + tanh? x)| dt?
6 R

3

ds? = ————
* 8mRZp,

RS
— [1© ®K tanhx — (Q2/6R3)(1 + tanh? X)]

— dxz—i—RS cosh? xdﬂ%.

CB®3KRE+ ]
QQ

Xh = Y+ = tanh ™} ( ) . where J»=9K2%R}+6Q%R%2 - Q.

For the & solution

Regu-la'r solution

Sch. black-hole solution

regular @/ ——————————




For the & solution

RN black-hole solution

06

Jo>0and 0 < K <1,| o4f

Sch. black-hole solution

L 7 2 T 4 T & o 8 I II 10
_0-2_ - -

: Nonstatic solution

_p4b

Regu-la.r solution

Jo >0 and K > 1,

RN black-hole solution

:E 4 6 g 10

dS-type solution

Nonstatic solution




2
ds? = 1 @K cothy + Q—(l + coth? x)] dt?

- 87Rj(—pe) [ 61

Rj

dx?+R? sinh? ydQ2.
16 GK coth y + (Q2/6R2)(1+ cothZx) 0 XEB%

_|_

Xh = X+ = coth™" ( ) . where J3=9K%Rj—6Q*R2 - Q.

02
For the & solution
3 —
Ir
: \ Naked singular solution | For the & solution
1 -
I RN black-hole solution
‘ 1 1 _ﬁ-_l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 5

dS-type solution

oL







- r=Rysiny (0<y<m). a<0,3<0,and 1 —4a?p® >0

—L(l—KCDt )t + it
SWR%,OC X 1 — K coty

=F

ds? =

dx? + R?sin? ydQ3.

(Bronnikov & Zaslavskii 2008)

(1) Black Hole Solution If K=0, it is S3
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Singularity @-

10l |As K — o0, \p — /2

1 {xn = cot™'(1/K)| horizon

Focp

—@ Singularity

8]
=]
=}
=]
8]
=]

at north pole T = 2 2 I F T at south pole
R X : naked
—IO{
ds® = 3 (1 — K coty)dt® + Rq dy? + R?sin? vdQ?
8mR2p. 1 — K cot 0 2




Curvature

Kretschmann
100
Ricci
2
Singularity @- @
' 3 2z 8 1 3
=30
_1(:0_




Conformal diagram for Ss-I black hole. There are two singularities at y = 0 (north pole:
center of the black hole) and at y = 7 (south pole: naked). The solid diagonal lines represent
the horizon at \;, = cot™'(1/K’). The dashed lines are the y-constant lines. The f-constant
lines are straight lines passing the center of the diagram (not shown). Outside the horizon,
except the outgoing null rays, none of the geodesics can reach the naked singularity at the

south pole.



- r= Rpcoshy (y =0). a<0,5>0, and 1 —4a?3* < 0.

3
87 R2p.

R

ds? =
° — (1 = K tanh y)

|(1 + K tanh y) 2 + dy? + [R2 cosh? {22

(1) Black Hole Solution: -, K>1

(2) Cosmological Solution: -, K<1, or + y: time coordinate
Role of t and y is changed!!!
Finite size at y=0
Expanding Universe from a finite size!



(1) Black Hole Solution: -, K>1

horizon

101

(2) Cosmological Solution: +

Radius = Ro cosh(y)

"
\x

o}
=
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o
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J
w2 ]
o

a3’

F
x is time coordinate



Curvature
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- r= Rysinhy (y =0). a>0,8>0,and 1 —4a?3® > 0.

3 R2
— 1 = K coth v) {2 0 dx? + R? sinh® vdQ2.
BWRE(—,OC)( T K cothx) i 1= K cothy X" fg St Xl

(1) Black Hole Solution: -, K<1
(2) Cosmological Solution: -, K>1  p>0 & p(0)=co : INITIAL SINGULARITY

(3) Singular Static Solution: + p<0 & p(0)=-c : NOT Interesting
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0,27

(1) Black Hole Solution: -. K<1

-0, 29

-0 ."1-_
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Curvature
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Horizon Structure and Mass

Schwarzschild Black Hole

2M 2M
dsgz—(1—‘_—‘1[>dt2+(1—¥

7 7

1
) dr?

+ r2dQ3

2M T _

rj=1-—=

r

T

1

Tsh

(r —7eh)|= == (r —7sn)* + -

ds® = —f(r)dt* + g(r)dr? + r2dQ3.

{1 - 2a1B] B(r® + a)] 1”} ,

= T + a)ol).

I
—
~—
=3
 —

g '(r)

— (=)

Identifying r_h=r_sh, we can relate K with M:

R
k= (4M?

4"

RQ —1/2
_ 0 + 1 .
4M?

4M?

R2? -1/2
04 1) .

: same structure with Sch. BH



RQ —1/2 RQ —1/2 RQ —1/2
K = -1 =%+ : | .
AM e 402

From this relation between K & M,

S3-I: M_max = Ro/2
2> K=
- horizon at equator: maximum size of S3-1 BH

If M > M_max, S3-II black holes



Geodesics

d: 2 _ " F(v dt? N 2 RQE)Q i dﬂ?
s SR, (x)dt”™ + g(x)dx” + Rgb” (x)d€2;
1 d dt
t-eq. : —_— F e
0 Froan [ (Udk] dt L do
F(x)— =const. = F, b*(x)— = const. = L.
=g P Wax| =

On the § = /2 plane, the y-equation becomes

det dz”
TN AN T

e = 1,0 for timelike and null geodesics,

1 /dx\* . 3E2 - , 1 L2 =
— _— 4 = — = . 1-3' =—F £
2 (d,‘a) V0 = 1o = @) =20 @y T 2

Effective Potential




- F(x)=1-K coty, b(x) = siny,

V(6) = L1~ Keoty) (e 4 =
PPT gl T RO sm’y R}/’

Timelike Null
10 10
3
€20 0.7
€ === mmm s e L=0
0.5 10 L5 20 23 10 : :
| |
| |
| |
| :
As L increases, : Wl As K decreases, :
-10 . H
stable orbit appears. | stable orbit appears. |
i i
(a) S timelike geodesics for Rp = 1 and K = 0.4: (b) S3 null geodesics for Rg = 1 and ﬂlz = 1:
I I
| |
| |
| |
| |
\4 \4

NO geodesic can reach the singularity at south pole!!!



- F(x)=1- K cothy, b(x) = sinhy,

1 L? E)
Vio) = =(1 - Kcothy + .
(9) 2( Y) (Sinhzx R

Similar with Sch. BH )
As L increases,

bouncing orbit appears.
(Null: always)

1or

o3 NO stable orbit!!!

L =2 (null)

~loLk

(¢) Hj timelike and null geodesics for Ry = 1 and K = 0.5:

- : similar to H3



Stability

ds® = —f(t, x)dt* + g(t.x)dx”* + R3b* (x)d€23,

o(x 3 kaground
f(l( X) — fD(X) + Efl{t: X)" fo(x) = pp(j) = S?FR%,GCF(X)’ bac g u
2 N s=+1: S3-I
g(t.x) = Rglgo(x) +egr(t.X)].|  |aol0) = et S L M3

" = (p + p)ufu” + pg"”,

p(t,x) = po(x) +€p1(t.X);| source of perturbation

ut = [u’(t,x),u' (t,x),0,0]. normalization v*u, = —1

UNVFO)| |=£1/(2f,"*)  from normalization
u®(t, x) =Lug |+ et (¢, )}

ul(t.x) = uf(x) +epi(t.x) | [2nREp. aib'F

3 pyp| rom Einstein’s eq.: (0,1)

comoving fluid



After manipulating the Einstein equations, one finally gets the single
master perturbation equation.
If we introduce the perturbation in the form,

91(t.x) = e“"o(x),

the perturbation equation becomes

bn wz E]” b; bm -5”2 bﬁ' 5!2
—F%p" — (3FF +2F*— | ¢+ | = —2FF" —FF' (56— — — | = 2F* | — ——+—— — || ¢ =0,
# ( * b’)\"Jr{S (b’ b) (b’ 2 bzﬂ*’ !

For all cases S = 1/(87R}p.s) > 0

We rescale the radial coordinate and the amplitude function by

,-_f‘ dx
T Jo 2F(x)°

B(2) = A EQY ()

©(x),

~

The perturbation equation is cast into the Schrodinger-type equation,

®(z) =|-87RE|p.|w’®(2),| | eigenvalue

b g b b

B (5)2 _E (zi _ E) LA (E)z LA (5)1 . effective potential




Unconditionally UNSTABLE !!!

L& 1d o e d o) —CorRiniofbz). | | eiqenvalue
—EE—;E‘F (z (2)_'_? (2)_ —oT 'D|»':"'i‘|""J (2)1 g

\4
since this is negative, there exists always unstable modes
for any type of V

T x 3=
5 4 35

positive eigenvalue : —87R3|p.|w? > 0

- v

=
2

\U( unstable

3 4 3

M oea|A

- w: imaginary

-100-

- UNSTABLE!!
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Fate of Black Holes

1) BH may collapse: may leave some cosmological remnants

2) BH may remain while BACKGROUND expands
:- since the b.g. matter is perfect fluid,
the instability may imply the Friedmann expansion
:- BH may sustain its nature in expanding b.g. Universe



S%(t) = 1 + ea(t)| : scale factor

—fo h,} dt* +(S*(t) {go {X- ] dx? + Rgb® (x)dQ: }

Solutions:

K — K +€r(t)] . horizon location

4

a(t) = a1t + aop, k(t) = K1t + Ko.

:- Both are linear in “t”
:- Their evolutions are independent
:- Depending on I.C,, the Direction of Evolution is determined

e.g.)

impose p;=0 at the horizon (S3-I black hole)
- means NO energy-flow through the horizon: v=0
- preserves “positivity of energy” density in both regions
- Coordinate of horizon decreases
- BUT, “physical size of horizon” is UNCHANGED !!!




f background expands

physical size of horizon may
~grow, decrease, remain

~.




Conclusions

1) We found black-hole solution with static perfect fluid & electric field
in spatial topology S3 & H3

For Charged Case,

i) S3-1
(@) RN black-hole solution
(b) naked singular solution

ii) S3-II
(a) RN black-hole solution
(b) Schwartzchilld black-hole solution
(c) dS-type solution
(d) regular solution
(e) nonstatic cosmological solution

iii) H3
(@) RN black-hole solution
(b) dS-type solution
(c) naked singular solution



For Pure Fluid Case,

i) S3-I
(a) black-hole solution
:- singularities at both poles
:- the one is hidden by horizon, the other is naked
:- the naked singularity is visible to the observer
:- however, observer never falls into the naked singularity
:- observer may fall into BH, or can have a stable orbit

ii) S3-II
(a) black-hole solution
:- not very interesting b/c p<0 in the regular region
(b) cosmological solution
.- expanding from a finite size

iii) H3
(a) black-hole solution : single singularity behind horizon, no stable orbit
(b) cosmological solution: initial singularity
(c) regular solution: central singularity

2) Stability :- Unconditionally unstable
:- However, black hole can remain its feature
in an expanding background



