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Classical Thermodynamics 2

Classical and BH Thermodynamics
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Classical Thermodynamics ;

Thermodynamics is one of the fundamental

branches of science.

Interrelationship among energy, heat and work.
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Classical Thermodynamics ‘
/eroth Law:

If system A is brought into contact with system B

and there is no change,

when system B is brought into contact with C

there is no change, then

when system A is brought into contact with C

there will be no change.

f T’y >1Tp and I'g > T then T’y > T~ and
heat flows from A to B to C.
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Classical Thermodynamics ;

First Law:

If in an isolated system heat is allowed in, d(),
there will be a rise in temperature, d1’,

which is directly proportional to d(@).

f heat is pumped out, d() < 0, then d1" <0.

aw of conservation of energy.

the total amount of energy in a physical system

remains constant, satisfy the relation

di; =TdS + dW.
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Classical Thermodynamics :

Second Law:

In any process the net change of entropy of an
isolated system is always non-negative, AS > (

commonly known as law of increased entropy.

This law states that the entropy of an
isolated /closed system always increases or

remalins constant.
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Classical Thermodynamics ;

Third Law:

Infinitely many steps are required to reach absolute

zero of temperature by heat pump.

First Version: Not possible for a physical system to

have an absolute zero temperature in a finite

number of physical processes.

Second Version: If temperature approaches to

absolute zero, then entropy approaches to zero.
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Black Hole Thermodynamics :

Black hole is a region with gravity so strong

not even light escapes.

e Black hole thermodynamics provides the

interrelationship among laws of

thermodynamics and BH mechanics.

e In GR, BHs obey certain laws whic

N have

mathematical resemblance with ordinary

laws of thermodynamics.
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Black Hole Thermodynamics ;

e In classical theory, they are perfect
absorbers and do not emit anything

yielding absolute zero temperature.

e In quantum theory, they emit Hawking

radiation with a perfect thermal spectrum.

e First law of thermodynamics is energy

conservation and hence carries over to

black holes.
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Black Hole Thermodynamics 10

e Bekenstein proposed that

>
Sh ~ Aph ~ My,

e |f entropy is the
temperature will
gravity so that t

the total interna

black hole area,

have to be the surface

ne product contributes to

energy.

e Now surface gravity ~ mbh/rgh and

rp;, ~ Mypp, SO surface gravity ~ 1/myy,.

Muhammad Sharif Thermodynamics University of the Punjab



Black Hole Thermodynamics 11

Thus, the larger the black hole the lower

the canonical temperature

Ty, ~ 1/mypp,.

Zeroth Law: Surface gravity k of a stationary

BH is constant over the event horizon.
T x K

The temperature 1" is constant for a system

in thermal equilibrium.
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Black Hole Thermodynamics 12

First Law: Relates the energy difference of

two nearby stationary BH equilibrium states
to that in the area of event horizon A, in the

angular momentum J and in the charge ().

AM = " dA + QdJ + $dQ.
3 | |

Angular  Electric potenti
velocity  of the horizon

This is for the rotating charged BH.
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Black Hole Thermodynamics 13

QdJ + od() - the work done on BH by an

external agent which increases BH angular

momentum and charge by dJ and d(Q).

If stationary matter (other t

field) is present outside t

are additional terms on t

AL

nan magnetic

BH then there

ne right side.

dE = TdS + QdJ + od()
= T'dS + “Work Term”.
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Black Hole Thermodynamics 14

Second Law: The surface area of BH can

never decrease in any process
dA > 0

A quite analogous statement is

“total entropy of a closed system never

decreases in any process’

dsS > (
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Black Hole Thermodynamics 15

This statement is not valid once quantum

mechanics comes into play, because the

Hawking rac

therefore red

lation carries off the mass and

uces the surface of a BH
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Black Hole Thermodynamics 16

Generalized Second Law: The total entropy

being the sum of BH entropy and entropy of
whatever may be present outside the BH is

Increasing.

dStot = dSBH dSOutside > 0
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Black Hole Thermodynamics 17

Third Law: The most acceptable statement

for third law in BHs is

“The BH temperature cannot be reduced to
zero by a finite sequence of operations.”
However, there was no equivalent of the third
law to say that it would take an infinite

number of steps to get to zero temperature.
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Black Hole Thermodynamics 19

The discovery of black hole thermodynamics
sets up a significant connection between

gravity and thermodynamics.

[Bardeen, Carter and Hawking: Commun. Math. Phys. 31(1973)161]
[Hawking, S.W.: Commun. Math. Phys.43(1975)199]
Bekenstein, J.D.: Phys. Rev. D 7(1973)2333]

Muhammad Sharif Thermodynamics University of the Punjab



Black Hole Thermodynamics 19

Correspondence

Laws of thermodynamics Laws of BH mechanics

" = constant K = constant
dE =TdS + dW dM = &=dA + QdJ + ¢dQ)
dsS >0 dA > 0
T >0 k>0
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Modified Gravity 2

Modified Gravity

Muhammad Sharif Thermodynamics University of the Punjab



Modified Gra\lity 21
Modified Theories of Gravity:

There exist a family of modified theories of gravity

that have been the subject of great interest in
cosmology and provide a convincing way for

settling the issue of late-time acceleration, like
e f(R) theory

o f(R,T) theory

e Gauss-Bonnet theory

e f(G) theory
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Modified Gra\lity 22

o f(G,T) theory

Minimal and Non-minimal Coupling:

MGTs are constructed by incorporating the

geometric part whereas matter contribution is

considered as adc

itional term in Lagrangian.

One can put further modification by introducing

direct coupling between matter and curvature

components; such theory is named as

non-minimally coupled gravity.

Muhammad Sharif

Thermodynamics University of the Punjab



Modified Gravity .

f(G,T) Theory of Gravity

Action:

7= /M(R ﬁéf;gT) | £m> d*z.
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Modified Gravity 2%
f(G,T) Field Equations:

Variation of the action with respect to g, gives
the fourth-order field equations as

1 1
Ry — 9wk = éguvf(gv T) - QRRquQ(ga T) + 4R2R§Vfg(g, T)

2
+ 4RuﬁvnRgan<g» T)— QRanéRvé“néfg(Q T) - 2RG
x Vfg(G,T)+ 4RWV2fg(Q, T)+2RV,V,[g(G,T)
— 4RIV, Ve fg(G,T) — ARV, Ve fg(G,T) + 4gyu R
X ngnfg(g, T> — 4RM5W,V5V”fg(g, T) — <Tuv + @W:
X fr(G,T)+8rGT,,,
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Modified GraVity 25

0f(G,T
o 8f(gv T) 2 14
0°L
— 948N m

O0Lm
Oghv

T,uy = g/wﬁm 2
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Modified Gravity 2

Covariant derivative of field equations gives

. fT(Q,T)
87TG — fT(Q, T)
— VO,

VIT,, =

1
[éguyv“T — (O + Tw)V*In fr(G,T)

Conservation law does not hold in this gravity due

to curvature-matter coupling.

The particular forms of f(G,T) are

f(G,T) = f1(G) + fo(T),
(G, T) = f1(G) + f2(G) f3(T).

First choice is considered as correction to f(G)
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Modified Gravity o

gravity as it does not involve direct non-minimal

curvature-matter coupling.
Second form implies direct coupling.

Energy-momentum tensor for perfect fluid
Ty = (p+ P)vyvy — Py,
P, p, v, - pressure, energy density and 4-velocity,
satisfying Uf”{ =1 and U§VVU§ = (.
For L,,, = — P, we have

@Iuy — _Pgluy — QTIILV
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Modified Gravity 2

Field equations for dust case (P = 0) are

1
T = 59wl (G, T) = 2RRy, fg(G,T) + 4R} Rey fo(G, T)

4RM§V77R€nfg(g7 T) — QRingRugn(ng(ga T) _ QRQMVVQJCQ(Q, T)
4R, V? [6(G,T) + 2RV, V, fg(G,T) — ARV, V¢ fg(G, T)
— ARV, Vefg(G,T) + 49w RV eV, fo(G, T)

- 4Ru§w7v§vnfg(gv T),

~ fr(G,T)
— GF F=1 |
G GF, + e

+ o+
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Modified Gravity 2

FRW universe model

2
t
15 = at? — 42 2992 2602 pag?

1 — kr
r=a(t)r, a(t)- scale factor
k - spatial curvature parameter:
open (k= —1), closed (kK = 1) and flat (k = 0).
GB invariant takes the form

- k
G =24(H* + H) (H2+2>.

a
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Modified Gravity

30

Field equations

k
2
s (#7425

— SrGp+ % £(G,T) — 12(H? + H) (H2

x fg(G,T)+12H <H2+%> (fog(G. T)G
+ ng(g T)T),
= Gy v ) (B ) g

— SH(H* + H) (fg5(G,T)G + for(G,T)T)

k

a2

(9,

,

— 4 <H2 + %) (fo99(G. T)G* + 2fggr(G,T)G

+ ngT<ga T)T2 + fgg<g7 T)g + ng(ga T)
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Modified GraVity 31

Using H = a/a, field equations
J. _ _
3 <H2 + ?) = 3nGp,, =87G(p+ p(D)>7 (1)
ok _ _
—2 (H o ?) — 87TG(ptot + Ptot> — 87TG<:0 + p(D) + P(D))a (2>

p(D) and Fpy are dark source terms
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Modified GraVity 32

: k
e |G ) a2 ) (#4 5 ) fo@. )

12H <H2 + %) (fo0(G, T)G + for(G, T)T)] :

1 1 5 , k
= [—§f(g,T)+12(H + H) (H +?> fe(G,T) — 8H

(B + ) (foo(G. T)G + for(G. T)T) — 4 (H n ﬁ)

az
(fggg<g7 T)g2 + QfQQT(ga T)gT + ngT<ga T>T2 + fgg<ga T)
fQT(gaT>T)] '
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Modified Gravity 33

The corresponding continuity equation becomes

—1

)+ 3Hp =
PP = G T (G, T)

_%DfT(g, T)+p <ng(g, )G + frr(G. T)T)] :

This holds in the absence of curvature-matter
coupling for both f(G) gravity and GR.
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Thermodynamics and Maodified Gravity -

Thermodynamics and Modified Gravity
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Thermodynamics and Modified Gravity
We check the validity of first and second laws of

thermodynamics in f(G,T') gravity for FRW
universe.

First Law: Radius of apparent horizon
h*ouroyr = 0,
Y
rA= N H12+ﬁ
2

. —al N\ . . . .
huy = diag(1, 1_ZT2) is a two-dimensional metric.
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Thermodynamics and Modified Gravity

Wald entropy in f(G,T') gravity is given by

A 4
S = ela (1 fﬁ?qu(g’T)) -

This corresponds to f(G) gravity for ' =1,

corresponds to GR for fg = 0.
Its differential yields

1 2 T A 4 1
dS = 4 P )P Hdt — dfg+-—(1-= fe)d|l=]. (3
27-(-7/;14 ﬂ- (ptot —l_ tot) TA fAGF fg _|_ 2G ( 7/;?4 fg) (F) ( )
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Thermodynamics and Modified Gravity

Temperature on the apparent horizon is

Ksgl
T = . 4
2T ()
Surface gravity (Ksg) is
1 .
9 = 5 TR (V=hn 0,1 )
1 k -
— iy =+H*+H). (5)
2 a?
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Thermodynamics and Modified Gravity =
Using Eqs.(3)-(5), we have

TdS — 47T (ptot + Ptot) T?‘lHdt o 27T (ptot + Ptot) TAd,rA o —dfg

. (1——fg) () )

Total energy inside the apparent horizon

4 5 3V 2 k
L =Vpyy = 3T APt = (o (H a2> '

This shows that E is directly related to 7 4

1
dE = 4np, #3dis — 4 (p, + P )7 Hdt + 2Gd ( ) (7)
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Thermodynamics and Modified Gravity s

Using Eqs.(6) and (7), it follows that

AT 7214 4 :
TdS = —dFE — — — |14+ 2mr47T |1 — —= d | -
dS dEs + WdV GFdfg—l—QG [ + 27T 4 ( f%fg>] (}

W =(p..— P_)/2 - work done by the system.

The above equation can be written as

T (dS +d;S) = —dE + Wdy, (8)

B 4 fA . 4 1
dz'S—GFdfg—QGT [1—|—27T7”AT<1 f%fg>]d<F>j

Muhammad Sharif Thermodynamics University of the Punjab



Thermodynamics and Modified Gravity «

e Non-equilibrium picture implies that there is
some energy change inside and outside the

apparent horizon.

e Non-equilibrium thermodynamical behavior at
the apparent horizon leads to entropy production

term.

e Due to this extra term, the field equations do

not obey the first law of thermodynamics

dES =TdS + WdV in this gravity.
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Thermodynamics and Maodified Gravity »
e In modified theories, this auxiliary term usually

appears in the first law of thermodynamics while

it is absent in GR, GB and Lovelock gravity.

Generalized Second Law:

This states that total entropy of the system is not

decreasing in time given by
S+S,., +d;S >0, (9)

S, - entropy due to energy as we!l as all matter
contents inside the horizon and d;S = 0(d;S).
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Thermodynamics and Modified Gravity .
Gibbs equation gives

T dS, o = d(py V) + P dV, (10)

T

tot
matter and energy contents inside the horizon.

- total temperature corresponding to all

Not equal to the apparent horizon temperature.

We assume
T..=CT, 0<(¢<Ll

Total temperature inside the horizon is positive -

smaller than the temperature at apparent horizon.
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Thermodynamics and Modified Gravity

Using Eqs.(8) and (10) in (9), we obtain

o (244G
S — T > 11
S+S,, +d;S ( 6T 4 ) >0, (11)

T = (1 T C)thot T (ptot T Ptot) (1 o g) V

Using Eqgs.(1) and (2), the GSLT condition gives

24+ng A
A= s 12
(1927TCGF) FA= =" (12)
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Thermodynamics and Modified Gravity .

== (2—C)H (H - £>2+2(1 - ) (H - ﬁ) e f4C)Fat (1> .

a2 P A a2 P F
GSLT isvalid for G >0, F > 0 and = i 0.
For flat FRW universe model, the conditions
G>0 F>0 H>0, H>Oand8t(%) > ()
must be satisfied to protect GSLT.

Equilibrium description of thermodynamics implies

that the temperature inside and at the horizon are

Muhammad Sharif Thermodynamics University of the Punjab



Thermodynamics and Maodified Gravity

same yielding

kN[ 24+75G
A (-2 >0, ¢=1.
A ( a2> (1927TCGF> =0, 6

Validity of GSLT can be obtained for positive
values of H, G and F'.
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Thermodynamics and Modified Gravity
1. de Sitter Universe:

For this model, the Hubble parameter is constant
(H(t) = Hp) and scale factor grows exponentially
as a(t) = ape!0t. For dust fluid,

0= poe_SHOt, g = 24Hél.
In this case, Eq.(12) takes the form

|+ ab HYa2H2 + ke 2Hot)

[QkHoe_ZHOt(b — 1)(87G + fr)

C(87G + fr)?
x (agHy + ke 200 ~1 — 3p0 Hye 00 (b — 1) frp 4+ k*Hoe 1002 — b
x (877G + fr)(agHj + ke >0 7% > 0. (13
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Thermodynamics and Modified Gravity -

Corresponding reconstructed f(G,T’) model is

1 161G

] (1—24C1H§>
1 360 0L 1

G, 1) = C102¢79T T + 6Hy,

Continuity constraint splits this model as

1-24c1 H

2., 74 4 1 o
186162[_]0 (3201]_]0 — 1>eclgT 2(136C1H§> + 6]—[37 (14)

T) —
filg. 1) (1 — 36¢; H2)?
18c1Hy(1 — 32c1 Hy) 1 167G 5
T) = T2 — T +6H?.
PG T) = o0 B = a0, a0 |9 T
(15)
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Thermodynamics and Modified Gravity .

0.0010 ¢

AL T
0.0003

0.0000

Figure 1: Validity of GSLT for the model (14). The left plot is for ¢; = ¢ = 1 and right for ¢; = 1

with Co = —1.
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Thermodynamics and Modified Gravity .

Figure 2: Validity of GSLT for the model (14). The left plot is for ¢; = —1 with ¢ = 1 and right

for C1 = Cy = —1.
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Thermodynamics and Maodified Gravity -

Figures 1 and 2 show the validity of GSLT for the

model (14). We have four parameters c;, c9, (
and t with Hy = 0.67, ap =1 and pg = 0.3.

GSLT holds at all times only for the same

signatures of integration constants.
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Thermodynamics and Maodified Gravity =

0.000 ¢
FELT - 000z

-0.004
-0.006

Figure 3: Validity of GSLT for the model (15). The left plot is for ¢; = ¢ = 1 and right for ¢; = 1

with ¢ = —1.
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Thermodynamics and Modified Gravity -

Eop,
*"1 oy 0.000 &

00L5E o,
ol T ‘#r.-“-:l..- s GALT -0.002

1.0

0.0ln A =0.004
0.004 -0.006

0.0k, -0.008 ¢

1]

=00

10 10

Figure 4: Validity of GSLT for the model (15). The left plot is for ¢; = —1 with ¢ = 1 and right

forcy =co = —1.
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Thermodynamics and Modified Gravity =

Figure 3 (right) and Figure 4 (left) show that
GSLT is true for all considered values of ( and ¢

with opposite signatures of (¢, ¢9).
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Thermodynamics and Maodified Gravity -.

2. Power-law Solution:

Power-law solution is characterized by

a(t) = apt’, H

= g, B> 0. (16)

Accelerated phase is observed for 3 > 1 while
0 < B < 1 covers the dece

C

C

2

ust (0 = %) as well as rac

ominated cosmic epochs.

erated phase including
iation (8 = %)

Muhammad Sharif
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Thermodynamics and Modified Gravity

The energy density and GB invariant become

3
p=pot ", 9—2454(6—1)- (17)

Validity condition for GSLT takes the form
1+ a8 — 1)t (adF22 + kt29) [5 o ( 5agt2+kt2ﬁ>

C(87G + fr) t FPast=2 + kt=28

3 Badt™2 + kt=20 ¢—1 33

+ 38pot " frr)] > 0.
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Thermodynamics and Modified Gravity s

Reconstructed f(G,T") model for dust fluid

F(G,T) = didy TG0 4 dydy TG 4 dydy T + T + a5

a1 = ~[5— B(1+3dy)],

2
ay = zﬁdg{gdgﬁ +2(8—1) -8} + i(ﬁ — 1)(B+T7)+44+8ds(58 —
1 167G (183 -3 2
043——57 Qy = — 3 @5<35+4>P0 ) 046—%7

implies that the conservation law holds.
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Thermodynamics and Maodified Gravity -

Continuity constraint splits this model as

g, T) = dydsy TG0 4y dyyy T + 5T + 3T, (18)
F(G,T) = dadsysT2GH 2 4 dydyygT + 7T + T, (19)

2
Q Q 1 Q
71:1__77 2 = ——37 V3=Oé4<1——>, %—045(1——
0% g g 8
Qg a3 1 ;
V5 =1=-— w=1-— y=nll-—], w=rn{l-——=
a7 a7 7 %
d2 d2
7 = @[6d2ﬁ—35—|‘2<&1—|—0€2)], &8:@[6d25—35+2(&1—&
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Thermodynamics and Modified Gravity

0.0008 0.0008 :

GELT .
0.0006 0.0006 g 7 10
0.0004 0.0004

0.0002 0.000:

an

Figure 5: Validity of GSLT for the model (18). The left plot is for d; = d3 = 1 and right for d; = 1
and d3 = —1.

Muhammad Sharif Thermodynamics University of the Punjab



Thermodynamics and Maodified Gravity -

LT

Figure 6: Validity of GSLT for the model (18). The left plot is for d; = —1 with d3 = 1 and right
for dl = d3 = —1.

Validity of GSLT for models (18) and (19) depend
on five parameters dy, do, d3, ¢ and t.
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Thermodynamics and Modified Gravity «

We take ag =1, pg = 0.3, Hy=0.67, n = % and
do = —1.64285.

Figure b shows that GSLT is satisfied for both
cases d3 > 0 and d3 < 0 with dy > 0.
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Thermodynamics and Maodified Gravity «

Figure 7: Validity of GSLT for the model (19). The left plot is for d; = d3 = 1 and right for d; = 1
and d3 = —1.
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Thermodynamics and Modified Gravity «

000004 |
0.00002

FALT

100 log —

Figure 8: Validity of GSLT for the model (19). The left plot is for d; = —1 with d3 = 1 and right
for dl = dg = —1.

The left panel shows that this law is satisfied for

all values of ( at the initial times as well as when (
approaches to 1 with ¢ > 27 for (dy, d3) > 0 while

Muhammad Sharif Thermodynamics University of the Punjab




Thermodynamics and Modified Gravity «

the feasible region for dy > 0 and d3 < 0 is shown
in the right plot. Similarly, Figure 8 shows the
regions where GSLT holds for the remaining two
signatures of (dy,d3). GSLT is true for all four

possible choices of integration constants for the

specific ranges of  and t.
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Concluding Remarks o4

e First and second laws in non-equilibrium
description of thermodynamics are studied
at the apparent horizon of FRW universe

model. Validity of GSLT for reconstructed

models is also checked.

e Total entropy in the first law involves
contribution from horizon entropy in terms

of area and entropy production term (due
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Concluding Remarks 6

to non-equilibrium behavior).

e No such entropy production term appears

in GR, GB, Lovelock and braneworld

theories of gravity.

e Validity of GSLT in terms of horizon

entropy, entropy production term as well as

entropy corresponding to all matter and

energy contents inside the horizon.

Muhammad Sharif Thermodynamics University of the Punjab



Concluding Remarks 6o

e Viability condition for this law is consistent
with the universal condition for its validity

in modified theories of gravity.

e Validity of GSLT for the reconstructed
models (de Sitter universe and power-law

solution) with dust fluid is also studied.

e For de Sitter reconstructed models, GSL

holds for model (14) when the integration
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Concluding Remarks o7

constants (c1, co) have same signatures
while for the second model (15), the
feasible regions are obtained for the

opposite signatures (Figures 1-4).

e For power-law, GSLT holds when dy is

positive for the model (18) while this holds

for all possible choices of d{ and d3 for the
model (19) (Figures 5-8).
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Concluding Remarks oo
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