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Why non-linear GR perturbation theory?

All observable structure from perturbations
Technical developments, e.g. search for nG in CMB
Planned galaxy surveys cover huge volume
GR (or any modification) becomes relevant
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Why gravitational waves?

A new window to the universe only through GR
Detected by LIGO (GW150924): binary BHs with ∼ 30M¯
Can affect structure formation

We need to understand GWs more exactly
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ADM formulation and cosmological perturbations

ds2 =−N2(dx0)2 +hij
(
N idx0 +dxi)(N jdx0 +dxj)

=−a2(1+2α)dη2 −2aχidηdxi +a2
[

(1+2ϕ)δij +2γ,ij +2h(v)
(i,j) +2Cij

]
dxidxj

𝑥𝑖 𝑥𝑖 + 𝑑𝑥𝑖 

𝑑𝜏 = 𝑁𝑑𝑥0 

𝑁𝑖𝑑𝑥0 

𝑑𝑥𝑖 

Σ𝑥0 

Σ𝑥0+𝑑𝑥0 

Constant-time 

hypersurface 

Finding the exact inverse metric hij with hikhkj = δi
j is essential

(e.g. g0i = hijNj/N2)
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Exact equations for tensor perturbations

“Exact” inverse spatial metric

hij = δij +H ij

a2(1+2ϕ)
where H ij ≡−2

(1+2ϕ)Cij −2CikCj
k

(1+2ϕ)2 −2CklCkl

Equation of tensor perturbations (and other traceless components)
are contained in the trace-free part of the equation of hij
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2nd order equation for tensor perturbations

Expanding up to 2nd order [nij: 2nd order terms (Hwang & Noh 2007)]

1

a2
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δij

3
∆
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a

d

dt

(
aχ
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dt
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−8πGΠ(v)
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]
+ ḧij +3Hḣij − ∆

a2 hij −8πGΠ(t)
ij = nij

Applying the projection operator Pij
kl singles out only tensor parts:

ḧij +3Hḣij + ∆

a2 hij −8πGΠ(t)
ij = sij
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klnkl

= nij + 1
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Secondary GWs from scalar perturbations

Induced GWs from scalar perturbations in previous studies

nij =
1

a3

d

dt

[
a
(
2ϕχ,ij +2ϕ,(iχ,j)

)]
+ 1

a2

(
κχ,ij −4ϕϕ,ij −3ϕ,iϕ,j

)
+ 1

a4
χ,k

,iχ,jk

+ 1

a2

[
2χ̇,ijα−Hχ,ijα+χ,ijα̇−2(α+ϕ)α,ij −α,iα,j −2α,(iϕ,j)

]
+8πG(µ+p)v,iv,j

−
δij

3

{
1

a3

d

dt

[
a
(
2ϕ∆χ+2ϕ,kχ,k

)]
+ 1

a2

(
κ∆χ−4ϕ∆ϕ−3ϕ,kϕ,k

)
+ 1

a4
χ,klχ,kl

+ 1

a2

[
2α∆χ̇−Hα∆χ+ α̇∆χ−2(α+ϕ)∆α−α,kα,k −2α,kϕ,k

]
+8πG(µ+p)v,kv,k

}

Generation in matter-dominated epoch

Newtonian gauge results (Mollerach et al. 2004, Baumann et al. 2007, Ananda et al. 2007...)

Extended to gauge-ready form only recently (Hwang, Jeong & Noh 2017)
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Secondary GWs on small scales

Induced GWs are not negligible but even dominant on small scales
(Hwang, Jeong & Noh 2017)

10−19 10−18 10−17 10−16 10−15 10−14

frequency ν[Hz]

10−18

10−16

10−14

10−12

10−10

10−8

10−6

Ω
G

W
(z
,ν

)

z = 6

: 1GW (r = 0.1)

: 1GW (r = 0.1) + Πν

: 2GW, ZS, UE

: 2GW, Co

: 2GW, UC

10−4 10−3 10−2 10−1 100 101 102
wavenumber k [h/Mpc]

10−19 10−18 10−17 10−16 10−15 10−14

frequency ν[Hz]

10−18

10−16

10−14

10−12

10−10

10−8

10−6

Ω
G

W
(z
,ν

)

z = 5

: 1GW (r = 0.1)

: 1GW (r = 0.1) + Πν

: 2GW, ZS, UE

: 2GW, Co

: 2GW, UC

10−4 10−3 10−2 10−1 100 101 102
wavenumber k [h/Mpc]

10−19 10−18 10−17 10−16 10−15 10−14

frequency ν[Hz]

10−18

10−16

10−14

10−12

10−10

10−8

10−6

Ω
G

W
(z
,ν

)

z = 2

: 1GW (r = 0.1)

: 1GW (r = 0.1) + Πν

: 2GW, ZS, UE

: 2GW, Co

: 2GW, UC

10−4 10−3 10−2 10−1 100 101 102
wavenumber k [h/Mpc]

10−19 10−18 10−17 10−16 10−15 10−14

frequency ν[Hz]

10−18

10−16

10−14

10−12

10−10

10−8

10−6

Ω
G

W
(z
,ν

)

z = 0

: 1GW (r = 0.1)

: 1GW (r = 0.1) + Πν

: 2GW, ZS, UE

: 2GW, Co

: 2GW, UC

10−4 10−3 10−2 10−1 100 101 102
wavenumber k [h/Mpc]

Induced gravitational waves Jinn-Ouk Gong



Introduction Exact equations for cosmological perturbations Secondary gravitational waves Conclusions

Contributions to secondary GWs

Scalar perturbations are not the only source for the induced GWs
1 Scalar-scalar: it’s done

2 Scalar-vector: n(sv)
ij = 1

a3

d

dt

[
a
(
χ(i,j)α+2ϕχ(i,j) +ϕ,jχi +ϕ,iχj −ϕ,kχ

kδij

)]
+·· ·

3 Scalar-tensor:

n(st)
ij = 1

a3

d

dt

{
a3

[
Ċijα+2

((
ϕCij

)·+ 1

a2
Ck

i χ,jk

)
+ χ,k

a2

(
Cik,j +Cjk,i −Cij,k

)]}
+·· ·

4 Vector-vector: n(vv)
ij =− 1

a4
χkχ(i,j)k + 1

a4

(
χkχk,ij +χk

,iχk,j

)
+·· ·

5 Vector-tensor: n(vt)
ij = 1

a3

d

dt

{
a
[

2hi
kχ(j,k) +χk(

hik,j +hjk,i −hij,k
)]}+·· ·

6 Tensor-tensor: n(tt)
ij = 2

a3

d

dt

[
a3

(
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kḣjk

)]
−
δij
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Simplifications for secondary GWs

There are several simplifications

Without (vector type) anisotropic stress, χi = 0: no vector

In MD, scalar all i.t.o. initial curvature perturbation

Evolution of (linear) GWs during MD is well-known

Induced GWs from (tt)-(tt), (ss)-(tt) and (st)-(st)

All the necessary pieces are already there!

(and we are working hard...)
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Conclusions

Need to understand cosmological perturbations more exactly

Non-linear regime / GR context
Structure formation involves non-linear evolution
Galaxy surveys probing huge volume

Exact non-linear equations are presented
From exact inverse spatial metric & ADM eqs
Can be applied to extreme situations

Induced gravitational waves
Sourced not only by scalar-scalar, but also by tensor-tensor,
scalar-tensor...
May dominant on small scales – report under progress
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