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Motivation
• Compact binary inspirals are an important 

gravitational wave source for detectors (LIGO, 
Virgo and KAGRA).

• So far, circular binary orbit has been taken into 
account in GW data analysis. 

• In this work, we perform GW parameter 
estimation for NS-NS binary inspirals in “eccentric” 
orbits. 
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Motivation:
• Simplest next step beyond widely-used circular PN approximants.

• Produce waveforms that are structurally simple with nearly the same 
computational cost of circular, non-precessing waveforms. 

• Fully PN-consistent in the small-eccentricity limit and accurate to 3PN 
order.

• Small (rather than large) eccentricity is (arguably) the astrophysically
relevant regime to consider.

• Small eccentricities 0.001 to 0.01 can potentially bias mass parameters [MF 
PRL’14].

• Perform MCMC studies to determine eccentricity-induced bias; 
eventually add eccentricity as a template parameter.
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Marc Favata PRL(2014)
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eta (𝜂) : symmetric mass ratio
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(𝑚1 + 𝑚2 )2

If eccentricity = 0.001, 
aLIGO statistical error is eta is 0.004,
aLIGO systematic error is expected to be 0.001
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Orbital evolution of known NS-NS merger 
(following Peters 1964)

B1913+16
B1534+12
J0737-3039A
J1756-2251
J1906+0746

eccentricity
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What we did:
• Computed leading-order eccentric correction [O(e0

2)] to the secular phasing of PN 
approximants: TaylorT1, T2, T3, T4, F2/SPA.

• Evaluated relative importance of new PN terms. 

• Evaluated role of periodic terms that also affect the phasing.
(Not yet included in PN approximants; simple to do for time-domain 
approximants; working out details for frequency-domain.)

• Several other useful results for general eccentric waveforms. 

• Modified codes to incorporate corrections to TaylorF2 [esp. 
LALSimInspiralTaylorF2, LALSimInspiralPNCoefficients]. Added parameters ecc, 
f_ecc, eccOrder. 

• Modified LALInference routines to allow injected eccentric signal [e.g., 
LALInferenceReadData, LALInferenceTemplate]. Details at: 
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Approximations:
• Derived from fully consistent PN formalism valid for any eccentricity (Damour, Gopakumar, 

& Iyer + Koningsdorferr & Gopakumar and Arun, Blanchet, Iyer, & Sinha.)

• Waveform amplitude is Newtonian-order and circular. (We derive and then ignore O(e0) 
and higher corrections to amplitude; phase corrections are more important.) Only 
dominant harmonic is considered (this is appropriate for low-eccentricity).

• Phase corrections contain new terms to O(e0
2). These are accurate for e0≾ 0.1 (validated 

against numerical phase evolution valid for large e0).

• For comparable-mass binaries, a comparison w/ NR and self-force calculations [Le Tiec et al, 
PRL’11] suggests formalism is valid for: 

2017-7-4 ICGACXIII-IK15, Ewha Womans University, July 3-7, 2017 9



Example result: TaylorT2

circular terms (3.5PN)

Eccentricity e0 at 
reference frequency f0

(e.g., 10 Hz).

Relative “0PN” order 
scaling. 
Different expansion 
structure from circular 
terms.

Relative PN corrections 
computed to 3PN order.

2017-7-4 ICGACXIII-IK15, Ewha Womans University, July 3-7, 2017 10



Example result: TaylorF2/SPA
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Oscillatory corrections to the phase:

relative 5PN periodic correction; ignore.
(induced by rad. reaction force)

• W term is a Newtonian effect due to 
elliptical motion/variation of orbital speed.

• Produces phase error ～O(0.1) GW cycles 
for e0 ～ 0.1. Comparable to 2PN eccentric 
secular correction. 
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General considerations for eccentric waveforms:
• Circular PN waveforms evolve a single phase 

function: 𝜙(t). Need to specify ω𝜙(t0), 𝜙(t0), t0

• Arbitrarily eccentric PN waveforms evolve two phase 
functions: 𝜙(t) and 𝑙(t).  

• Must also specify e0(f0), f0, and 𝑙(t0). 

• 𝑙(t0) is related to 𝜙(t0) and 𝜛(t0) [argument of periastron].

• If ignoring periodic terms W(𝑙) and eccentric harmonics 
[cos(j𝑙) and cos(j𝑙 ± 2𝜙)],  𝑙(t) and 𝜛(t0) do not enter.     
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Phase term

• Check the phase term of gravitational 
waveform for eccentricity.
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3 pN phase 
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Binary Chirp mass Mc
(Msun)

Symmetric 
mass ratio η

distance
(Mpc)

Inclination
(rad)

Polarization
(rad)

Orbital
phase 
(rad)

Coalescence 
time (s)

RA
(rad)

Dec
(rad)

NS-NS 1.218733 0.249987 160.0 0.785 2.606 3.31 894383679 0.645 0.575

• non-spinning eccentric CBC inspirals (10 parameters)

• Advanced LIGO-Virgo network (3 detectors), no noise, S/N ~ 20

• low cut frequency : 10Hz

• Injections waveform : eccentric, template waveform : circular

 ℎ 𝑓 =  ℎ 𝑓;
chirpmass, symmetric mass ratio, distance, sky location RA, dec ,

eccentricity, inclination, orbital phase, polarization, coalescence time

PE for NS-NS inspirals

Eccentricity = 0, 0.0001, 0.001, 0.01, 0.1
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Individual probability density function 
of e0
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Summary and Future Work

• Circularization and in-spiral motion are consequences of GW emission from CBCs 
(Peters 1964).

• Non-negligible eccentricity changes the phase of GW waveform and this affects 
PE accuracy.

• Known NS-NS binary mergers found in the Galactic plane will be almost circular 
(e< 0.0001) when they enter the GW detection band (fgw > 10 Hz). CBCs with 
dynamical origins may have intrinsically eccentric orbits.

• Applying taylorF2 pN waveform model (up to 3.0 pN corrections for eccentricity) 
for NS-NS inspirals, we compare pN corrections quantitatively for different 
eccentricities (e=0.001,0.01,0.4,0.2 and 0) in GW phase.

• Neglecting orbital eccentricity does not affect to detection, but increases PE 
uncertainties for symmetric mass ratio.

• Favata (2014) showed that neglecting eccentricities (when e>0.002 @ 10Hz), 
systematic error due to eccentricity than statistical error of the advanced LIGO.

• Markov Chain PE using tayloF2 is underway, for NS-NS inspirals in eccentric orbit.
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Thank you
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