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Millennium Problem

Mass Generation in QCD
@ What makes QCD so different from QED?
@ How can we simplify QCD?
© How can we generate the confinement of color?

© What are the observable consequences?
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History

@ In 1974 Nambu and Mandelstam conjectured the monopole
condensation as the confinement mechanism.

@ In 1977 Savvidy calculated the SU(2) QCD effective action and
obtained the Savvidy vacuum.

@ In 1980 the Abelian decomposition of QCD was proposed.
Independently, in 1981 't Hooft conjectured the Abelian dominance.

@ The lattice QCD was able to obtain the linear confining potential
numerically, but unable to tell what is the confinement mechanism.
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Recent Progress

1. For the first time the lattice QCD calculation could pinpoint the
monopole is responsible for the confinement gauge independently.

2. A new calculation of the QCD effective action which generates the
stable monopole condensation and the dimensional transmutation was
made.

3. The quark and chromon model has been proposed which generalizes the
quark model to provide a new hadron spectroscopy.
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Abelian Decomposition: Two Types of Gluon

A. Motivation

@ To prove the Abelian dominance we have to know what is the Abelian
part. How do we identify the Abelian part?

@ Proton is made of three quarks, but obviously it contains gluons to
bind them. But the quark model tells that it has no valence gluon. If
so, what is the binding gluon and how can we separate it?
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B. Abelian decomposition of SU(2) QCD

o Let (n1,n2,n3 = n) be an orthonormal basis and 7 be the Abelian
direction. Impose the isometry to obtain the restricted potential A,

Dyiv= i+ gA, x 1 =0,
S 1
A, = A, = A — ~axdun=A,+C,,
9
1 B

Ay =Ayh, Cu=——hxdh, A,=n-A,
g

fl/,, is Abelian but has a dual structure, made of the non-topological
(Maxwellian) A, which describes the neutral binding gluon and the
topological (Diracian) C,, which describes the non-Abelian monopole.
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@ Obtain the gauge independent Abelian decomposition

— A~

A, =A,+X, (n-X,=0).
Fo=F,+ D X, - D, X, +
F,, =0,A, —8,A, + A

W = Cip Ay — Ol 1By = 6HCV = Gl Cp = —§A1 - Ouia.

—_

1. /1” has the full SU(2) gauge degrees of freedom.
2. qﬂ transforms covariantly and describes the colored valence gluon.

Two Types of Gluons!
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Restricted QCD (RCD): Abelian QCD

@ Define RCD which describes the Abelian sub-dynamics with flu,

1. 1 g
Lrop = =7F* = =7 (Fu + Hu)?
1, 1.
= fZFW + %Flwn (Oun x Oy) — 4—92(8,”1 X Oyn)°.

It has the full SU(2) gauge symmetry yet is simpler than QCD, and

has a dual structure with two potentials A, and C,.

@ 7 describes the monopole topology 72(5?) and the vacuum topology
7'['3(32).

“Non-Abelian” Dirac theory
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Extended QCD (ECD)

o Adding the valence gluon we have ECD

15, | PON
Legcp = ZEH/ = 71}7#1/
Ls % _p % 96 (% @y L7 7
_E(D/LXV - DVX/I,)Q - §Eu/ : (X/L X XV) — 4 ( 17 X Xl/>2'

1. QCD can be interpreted as RCD made of A, which has )?ﬂ as
colored source.

2. This puts QCD to the background field formalism, with A,, and
Xu as classical background and quantum fluctuation.

3. n describes the topological, not dynamical, degree.
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@ ECD has two gauge symmetries, the classical (background) gauge
symmetry

Dya, 6X,=-axX,,

as well as the quantum (fast) gauge symmetry
A 1. . > 1. o
0A, = —(n-Dyd)n, 6X,=—-nx(D,axn).
g g

@ This justifies us to call the colorless binding gluon the neuron and the
colored valence gluon the chromon, and generaliizes the quark model
to the quark and chromon model.
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C. Skyrme Theory from QCD

@ The Skyrme theory is described by

2

1
g — _MZ [g(auwﬁ + 25sin? g(auﬁﬁ]
—% [snﬂ g(auwam — O,wd,n)? + Asin’ g(a,m X am?]

2
= —% ((040)2 + (8,7)?)

~2((0u00,7 — 0,00,7)2 + (07 x A,7)?),

w L .. W . L
where o = cos 3 and 7T = nsin 5 are the sigma and pion fields.
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o With w = m, it reduces to Skyrme-Faddeev theory which describes the
core dynamics of Skyrme theory and contains Faddeev-Niemi knot
(twisted magnetic vortex ring) given by the 73(S?) topology

2

[ —%(am X O,)2 — S (9,n)2.

@ The Skyrme theory has a deep connection to QCD. With

p 1
A, = ——nx dyn = C, the massive SU(2) QCD reduces to
g

Skyrme—i:addeev theory (with i = mg and a = 1/¢?),

. 2 a
EQCD = F = —?(@Lﬁ X ayﬁ)z = Z(aﬂﬁ)Q.

1
4

Abelian decomposition!
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@ Moreover, activating the sigma field we recover the Skyrme theory as
a massive QCD interacting with the sigma field

1 X A A
Ls=—7 [(1 - 0?)’F}, + (Ou0 A, — 3u0Au)2]

m? [ (0,0)* -
5 et -4,

@ Since Au describes the Wu-Yang monopole, the Skyrme theory can
be interpreted as a theory of monopole in which the magnetic flux is

. o . - L. W .
confined by the built-in Meissner effect, where @ = n sin 5 describes

the dressed monopole, not pion.
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@ In fact, the non-spherically symmetric skyrmions should be viewed as
monopoles, because they have the 75(S?) topology given by the
rational map of n.

@ So the skyrmion carries two topological numbers (b, m), the baryon
number b given by 73(S3) and the monopole number m given by
m2(S5?).

@ Moreover, the Skyrme theory has the knots as well as the skyrmions.
This necessitates a totally new interpretation of Skyrme theory.

For Skyrme theory see PRL 87, 252001 (2001), EPJC 77, 88
(2017), and 1IJMPA 33, 1830006 (2018)
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D. SU(3) QCD

@ Since the SU(3) QCD has two Abelian directions, the Abelian
projection is given by two magnetic symmetries,

D=0, D,i/=0 (A*=d?=1)

where 7 and ' = 7 * 7 are A\3-like and )\g-like octet unit vectors.

@ With this we have the following Abelian decomposition,

—_

A=A+ X, Ay=Am+ AR — =~ x Oui+ 7/ x 9,7)

NS

— —

Ag=n-A,, A =i A, n-X,=0-X, =0

=

16 /53
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° /1” can be expressed by the three neurons of SU(2) subgroups in
Weyl symmetric form

2 ..
A#:Zp §Aﬁ’ (p:17273>7
o 1
Aﬁ = Aﬁﬁp — AP x @Lﬁp .Ap +CP
g

B
1 V3

1 2 3
A=Ay A2=—ca,+ L4, 4= ——A A,
1 3 1 3
A=, @ =i gﬁ’ P = — i - gﬁ’.
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o With this we have the Abelian decomposition of SU(3) QCD,
. . . 2 . . . .
A=A+ X, = Zp(gAﬁ + Wﬁ), Xy = Zp Wﬁv
W= X' + X0, W2 = XSig + X\, W3 = Xty + XDins.

° W,{’ can be expressed by red, blue, and green chromons of SU(2)
subgroups (R, By, G,.),
1, ;y2 6 4 ;Y7 4,4 ;v5
R :XM+1XM = :Xu—i—zXM o :X#-FZXM'
: v T vz ot V2

But unlike Aﬂ they are mutually independent.
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@ From this we have the Weyl symmetric SU(3) RCD and ECD

1 -
Lrop = -, 5 (B,
1

2 1~ - A
Lpcp =—2, {E(F,Z’VV + Z(DPWZJ — DEWE)?

g A~ - -
PR (T XWX, L0 x W2

9 (DEW b 7T
=Yg 5 (DEWE — DEWE) - (Wi x W)

- - - -, - =

S S T X W8) - (W 5 W) + (W W) - (7 W),
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VOCOD = WV +
(A)

NNVNVNN = VNV 00—
(B)

Figure: The gauge independent Abelian decomposition of QCD potential. (A)
decomposes it to the restricted part and the chromon, and (B) decomposes the
restricted part to the neuron and monopole.

Y. M. Cho (Seoul National University)  Abelian Decomposition and Monopole Condei September 15, 2018 20/53



4’—é = 4’—£ + ——
(©)
Figure: The Abelian decomposition of Feynman diagrams in SU(3) QCD. Notice

that the monopole does not appear in the diagram because it describes a
topological degree.

Y. M. Cho (Seoul National University)  Abelian Decomposition and Monopole Condei September 15, 2018 21/53



NS S DS S

A

i 0 [

(13)

e L

(S

Figure: The possible Feynman diagrams of the neuron and chromon bindings.
Two neuron binding is shown in (A), two chromon binding is shown in (B). In
comparison the quark-antiquark binding is shown in (C).
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E. Abelian Dominance versus Monopole Dominance

o With the Abelian decomposition we can prove the Abelian
dominance, that the restricted potential generates the confining force
in the Wilson loop integral.

@ Moreover, implementing the Abelian decomposition on lattice, we can
demonstrate the monopole dominance, that the monopole is
responsible for the confinement.

@ But this does not tell how the monopole confines the color.
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Figure: The Abelian dominance versus the monopole dominance in the lattice

calculation. Here (U, Uhat, top) represent the full, Abelian, and monopole
potentials.
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Color Reflection Invariance

A. Color Reflction Symmetry (CRS)

o Fixing n breaks the gauge symmetry. But there exists the residual
symmetry, the color reflection symmetry, which plays the role of the
non-Abelian gauge symmetry.

@ Under the color reflection (71, 72,7) — (—n1, g, —71) the isometry
condition D,n = 0 does not change, but A, and X, change,

Y. M. Cho (Seoul National University)  Abelian Decomposition and Monopole Condei September 15, 2018



@ So we have two different Abelian decompositions with the same
isometry

A= A+ X, A, = A9 4 XO.

@ This has deep implication which makes QCD fundamentally different
from QED:

1. The monopole is color reflection invariant, and becomes an ideal
candidate of QCD vacuum.

2. The chromon and anti-chromon always come in pair and play
exactly the same amount of role in QCD.
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@ For SU(3) QCD the color reflection group is made of 24 elements

given by
Cap = DRy, (a= 3,4,b=1,2,...,6)
1 0 0 0 O
Di=1 010 -1 0 1,
0 01 0 1
1 0 0 1 0 0
D3 = 0 —1 0 , Dy = 1 0 ,
0 O 0 -1

September 15, 2018
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100 0 10
Ri=(010], R=[-100],
00 1 0 0 1
1 0 0 0 0 1
Ri=(0 0 1|, Ra=(0 -1 0|,
0 -1 0 1 0
010 0 1
Rs=[o00 1], Reg=[ -1 0 0],
100 0 -1 0

where the four D-matrices form the diagonal subgroup.
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B. Decomposition of Gluon Octet

@ The neuron and chromon transform separately under CRS. The
neuron triplet (A, A, A%) has no anti-neuron partner, and
transforms as follows

Ry: (A, A2 A%) - —(A), A3 A2),
Ry: (A}, A2 A%) — —(43, A2 JAL),
Ry: (A, A2 A%) — —(A2, Al LA,
Rs: (A, A2 A%) — (A3, Al ,AZ),
Re: (A, A2 A% — (A2, A3 JAL).
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@ The chromon sextet (RH,BM,GM,RM, BM, Gu) has the anti-chromon
partner, and transforms as follows

Ry : (Ru, By, Gy, Ry, By, Gy) = (Ru, Gy B, Ry, Gy B),
Ry : (Ry, By, Gy, Ry, By, Gu) = —(Gy, By, Ry, Gy, By, Ry),
Ry : (R, By, Gy, Ry, By, Gy) — — (B, Ry, G, By, Ry, G,
Ry : (Ry, By, Gy, Ry, By, Gu) — —(Gy, Ry, By, Gy, Ry, By),
Re : (Ry, By, Gy Ry, By, G) — —(Bu, Gy, Ry, By, Gy Ry

@ So the color reflection invariant combination of neuron triplet and
chromon sextet of CRS, not the gluon octet, become the physical
states.

Quark and Chromon Model
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Effective Action of QCD

A. Savvidy Action of SU(2) QCD: A Review

@ Sawvidy calculated the one-loop effective action of SU(2) QCD and
obtained the Savvidy vacuum, integrating out gluons in a constant
magnetic background.

@ But the separation of the classical and quantum parts was ad hoc.
More seriously, it had two critical defects:

1. The Savvidy vacuum was unstable.
2. It was not gauge invariant nor parity conserving.
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B. Gauge Invariant Effective Action

@ To remove these defects, we need the followings.

1. Start from ECD and and treat RCD as the classical part. Choose
the color reflection invariant and parity conserving monopole
background

F®) = Hyh, Hy =Ho,65.

2. Integrate out the chromon pair X, and )?ff)

imposing the color reflection invariance.

simultaneously,
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@ Adopting the quantum gauge condition Dﬂ)fu = 0 we have

exp [iSers(Au)] ~ / DX, DX DeDe*

where ¢ and ¢* are the ghost fields.

@ Under the color reflection the eigenvalues of the chromon functional
determinant change to

1 1
QQH(H+§3F53)+/€2—>29H(n+§is3)+k2.
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B2 — k2
-) e (@) (- —— (™)
5gH 5gH
) — (- (@) e ()
3eH 3gH
n — —n
_
— (9] > ——
gH | gH
o = > —
-gH -gH
Sz = +1 Sz = —1 Sg = +1
®)

Sz =

)

Figure: The gauge invariant eigenvalues of the chromon functional determinant.
Notice that the C-projection excludes the lowest two eigenmodes, in particular the

tachyonic modes.
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@ So we must make the C-projection to exclude the lowest two
eigenmodes, in particular the tachyonic mode. With this we have

In Det'/? K = In Det [(—D? + 2gH)(—D? + 2gH)],

1 o dt gHt/u?
AL = ,
1672 ) o 3¢ sinh(gHt/u?)

X [exp(—2gHt/u2)+exp(—2gHt/u2)—1 :

@ Just like the GSO-projection which removes tachyons and assures
supersymmetry and modular invariance in string theory, the
C-projection removes the tachyonic modes and restores the stability
of the monopole condensation in QCD.

No Infra-red Divergence!
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C. Monopole Condensation and Asymptotic Freedom

@ With the C-projection the effective potential becomes real

H2

11¢g° , gH
V=5 [ 2472 (lnﬁ _C)}‘
0?V 2 ,
@ Define the running coupling g by 8H2‘ 2 = g—z and find
1 1 N 11 | i +3) 5(a) _0g 11g3
=== n— —c+ = = = ——.
g2 g% 24m?Y 2 277 & H@ﬂ 2472

Asymptotic Freedom
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@ The renormalized potential has the non-trivial minimum

H? 11g>,, H 3
Veen = 5 [1+ g3 057 = 5)].
2472
_ =2
(H) =@ exp(—@—l-l)

This is the Savvidy potential without the imaginary part.

Dynamical Symmetry Breaking!
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0.004
0.002 (b) (a)
0

02 04 06 08 1
-0.002

-0.004

Figure: The one-loop effective potential of SU(2) QCD. Here (a) and (b)
represent the effective potential and the classical potential.
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o In general for arbitray constant monopole background H,, we find

H? 11¢°H?
——— (1 9it _ c), E=0
[oe — 2 4872 w?
eff E? 11¢°E?/ gE 11¢%E2
= (1——0)—1 , H=0
2 4872 w2 967
24 3
=1-In2— Z¢'(~1,2) = 0.94556...
c n2--¢13)

@ The negative imaginary part in the chromo-electric background tells
that the chromo-electric field annihilates the chromon pairs. This is
the origin of the asymptotic freedom.
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@ The old calculations calculated the effective action of Maxwell's
theory coupled to massless charged gluon. This is a sick theory, not
QCD.

@ In physics something is wrong when we encounter tachyons.

1. In Higgs mechanism we have tachyon when we choose the false
vacuum.

2. In NSR string we have tachyonic vacuum when we do not make
the GSO-projection.
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Weyl Symmetric Effective Potential of SU(3) QCD

o With the Weyl symmetry of SU(3) ECD we have

exp [iSesy(Ay)] ~ / DWEDW OPDeFDerP
—i l(pp )2 + ,(Dpr — Dpr)2 4+ 9fw . (WP x WP)
exp ¢ 6 g 4 IAGe% v 9 1% o v
—&PDIDEF — g(Dpr) ?| i},

at one-loop level. This allows us to calculate the effective action of
SU(3) QCD from that of SU(2) QCD.
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o With the C-projection we have
AS =iy, InDet(-D} + 2gH,)(—D; + 29H,)
+i ), InDet(—D} — 2igE,)(—D; — 2igE,)
—2i) ,In Det(—D3),
and

H,E,t?/ut
AL = lim, -
M0 ga 8 2 Z / t3=¢ sinh(gHpt/p?) sin(gEpt / p?)

[exp(—2ngt/u ) + exp(+2igEpt/u?) — 1]
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@ So we have the Weyl symmetric SU(3) QCD effective Lagrangian

H? 11q2H2 gH,

e <2 g " 2-d), (B=0)
E? 11¢4%*FE E

Lot = (i P 95 _
o 2p 3 o 4872 (In 2
1192 )

2 0
96w P

@ This assures that the essential features of SU(2) QCD remains the
same. In particular, this tells that the chromo-electric field makes the
pair annihilation of chromon.
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@ The effective potential for the monopole background is given by

3 11¢>

gH.
V=1t g (sz_c).

@ Although the classical potential depends on one Casimir invariant
HZ + H32, the effective potential depends on three Casimir invariants
which can be chosen as Hy, Hj, Hj (or equivalently |Hs)|, |Hg|, and
the angle 0 between Hsz and Hy).

Y. M. Cho (Seoul National University)  Abelian Decomposition and Monopole Condei September 15, 2018 44 /53



@ Define the renormalized coupling g by

v, OV _ 7
aHg H1:H2=H3=ﬁ2 gQ,
and find
1 1 11 i 5 . _0g 11g3
7P T ( wp e ) A o = " 16x2

Asymptotic Freedom!
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@ The renormalized potential

3
eren — Zp (ZH[% +

11g> . ,gH, 5
H21 p_2 )
487-‘—2 P n( /—1/2 4)

has the unique minimum

11 322 3

Vinin = =353 P (= 737 + 3)

at the Weyl symmetric vacuum

(H) = () = (Hy) = % exp

Mass Gap!
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Figure: The effective potential with cos@ = 0, which has a unique minimum at
H:H/:HO (OFH1:H2:H3:H0).
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Observable Consequences

A. Two Types of Gluon Jets

@ The Abelian decomposition tells that there are two types of gluons,
the neurons and chromons, which behave differently. This predicts
two types of gluon jets, the neuron jet and chromon jet.

@ Experimental varification of two different gluon jets becomes an
urgent issue which is as important as the confirmation of the gluon
jet.
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B. Quark and Chromon Model: Chromoballs and Mixed States

@ The Abelian decomposition generalizes the quark model to the quark
and chromon model which provides a clear picture of glueballs and
their mixing with quarkoniums.

@ The model predicts the chromoballs made of chromons. But
experimentally, there are not so many candidates of chromoballs.

@ There are two reasons for this. Unlike the quarks the chromoballs
have intrinsic instability, and often mix with quarkoniums. This makes
the identification complicated.
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@ Nevertheless we can make a systematic mixing analysis of
chromoball-quarkonium in 0T, 27 and 0~ sectors below 2 GeV.

@ The result shows that fy(1500) in the 0T sector, f2(1950) in the
271 sector, and 1(1405) and n(1475) in the 0~ sector could be
identified as predominantly the glueball states.

@ The quark and chromon model also predicts the hybrid hadrons made
of chromons and quarks, which could be verified experimentally.
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C. Monoball: Vacuum fluctuation of Monopole Condensation

@ The monopole condensation could generate the quantum fluctuation.
This suggests the existence of at least one monoball, the O
vacuum fluctuation mode. f(500) could be a possible candidate.

@ Unlike all other hadrons, it originates from the QCD vacuum. This
makes the experimental verification of the monoball an important
issue in QCD.
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@ The Abelian decomposition is not just a mathematical proposition. It
reveals the important hidden structures which simplifies the QCD
dynamics greatly.

@ |t predicts two types of gluons, decomposes the Feynman diagram,
simplifies the gauge symmetry, generalizes the quark model, and
allows us to prove the monopole condensation.

@ Moreover, it has other applications. It allows us to define gauge
invariant canonical quark momentum, and resolve the proton spin
crisis problem.
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