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– No-core configuration interaction (NCCI) frameworks
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– Convergence in SpNCCI
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Ab initio nuclear physics

Goals:
Predict nuclear structure and reactions directly from QCD
Understanding the origins of simple patterns in complex nuclei

Mark Caprio
ASSOCIATE PROFESSOR

How does the complex quantum structure of atomic nuclei 
arise from the interactions between the nucleons (protons and 
neutrons) that make up the nucleus?  How do these 
interactions arise, in turn, from the quarks and gluons inside 
nucleons?  And can we predict the reactions between nuclei 
which, over the astrophysical history of the universe, gave rise 
to the matter around us?  In short, how do we place our 
understanding of nuclei on a fully predictive footing, starting 
from first principles?  These are the questions of ab initio 
nuclear theory (see figure). Supercomputing and theoretical 
advances have only just begun to make it possible to address 
such questions, and answering these questions still presents 
formidable computational challenges.

My own efforts are devoted to the middle link in this chain: 
developing a quantitative understanding of the complex, 
highly-correlated many-body structure of the nucleus as a 
system of interacting nucleons.  In particular, I seek to 
understand how simple structures and emergent degrees of 
freedom consistently arise out of the complex many-body 
problem -- collective rotation, nuclear deformation, nuclear 
superflidity, and the formation of clusters within the nucleus.

On a practical level, my aim is to overcome the immense 
computational challenges involved in answering these 
questions.  My approach is to developing "smart", physically-
adapted bases for ab initio calculations.  To do so, I combine 
leadership-class supercomputing with the mathematics of 
symmetries (group theory) and draw upon areas as diverse as 
applied mathematics and quantum chemistry.
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Emergence of rotational bands in ab initio 
no-core configuration interaction 
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Generalized seniority for the shell model 
with realistic interactionsM. A. Caprio, F. Q. 
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1. Realistic inter-nucleon interactions
Chiral effective field theory
Inverse scattering matrix
Meson exchange currents

2. Method for solving the nuclear problem
e.g., no-core configuration interaction (NCCI)

also known as no-core shell model (NCSM)



Nuclear many-body problem

Solve many-body Schrodinger equation

A∑
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i,j=1

V(|ri− rj|)Ψ = EΨ

Expanding wavefunctions in a basis

Ψ =

∞∑
k=1

akφk

Reduces to matrix eigenproblem
H11 H12 . . .

H21 H22 . . .
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Harmonic oscillator basis

– Basis states are configurations, i.e., distributions of particles
over harmonic oscillator shells (nlj substates)

– States organized by total number of oscillator quanta above
lowest Pauli allowed number Nex.

– Basis must by truncated, typically by restricting number of
oscillator quanta to Nex ≤ Nmax

N = 2n + `

�ʄȍ�ʄȍ

���
Nex = 0

�ʄȍ�ʄȍ

���

�ʄȍ�ʄȍ

���
Nex = 2

How large must Nmax be?



Convergence problem in NCCI frameworks

Results for calculations in a finite space depend upon:

– Many-body truncation Nmax

– Single-particle basis scale ~ω �
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Convergence problem in NCCI frameworks
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Why must Nmax be so large?

Nmax truncation:

– Matrix elements of interaction decrease with Nex

– Matrix elements of kinetic energy increase with Nex
Off diagonal matrix elements of kinetic energy lead to
non-negligable amplitudes of high Nex configurations in
nuclear wavefunction

Mismatch between basis and wavefunctions
– Different asymptotic behavior

– Wavefunctions are linear combinations of many
oscillator configurations -highly correlated states

Nex

N
ex

  T+VH=V+T

H≈T



Symmetries in physics

Fundamental symmetries
– Rotation [SU(2)] & parity ⇒ J,P

Approximate symmetries of the many-body problem
– Isospin [SU(2)] & Wigner spin-isospin [SU(4)]

– Phase space symmetries: Elliott SU(3) & Sp(3,R)

Kinetic energy conserves Sp(3,R)
– Sp(3,R) can be used to identify important high-lying configurations

– Reduce the necessary size of the many-body basis
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SU(3)-NCSM

SU(3) generators
Q2M Algebraic quadrupole

L1M Orbital angular momentum

SU(3) ⊃ SO(3)
(λ,µ) κ L

⊗ ⊃ SU(2)
SU(2) J

S

(λ,µ) SU(3) irrep label

κ SU(3) to SO(3) branching multiplicity

L SO(3) orbital angular momentum

SU(3) symmetry of a configuration

– SU(3) coupling particles within major shells
Each particle has SU(3) symmetry (N,0),
N = 2n + `.

– SU(3) coupling successive shells

– SU(3) coupling protons and neutrons



SU(3)-NCSM

SU(3)-coupled configurations are correlated:
Configurations are linear combinations of
distributions of particles over original (nlj)
orbitals



Sp(3,R)

16
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N

λ

μ
16(2,1)

A(20) ∼ b†b† Raises N

H(00),C(11) ∼ b†b U(3) generators

B(02) ∼ bb Lowers N

Sp(3,R) generators can be grouped into ladder and U(3) operators

Start from a single U(3) irrep at lowest “grade" N
Lowest grade irrep (LGI)

Ladder upward in N using A(20) No limit!

B(02) |σ〉 = 0

|ψω〉 ∼
[
A(20)A(20) · · ·A(20) |σ〉

]ω
Sp(3,R)

σ
⊃
υ

U(3)
ω

U(3)
ω
∼ U(1)

Nω
⊗SU(3)

(λω,µω)



Sp(3,R)
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Sp(3,R) raising operator on configurations
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Sp(3,R) basis states are highly correlated
States are linear combinations of many different
oscillator configurations



Symplectic many-body basis
– Reorganize many-body basis into Sp(3,R) irreps

States are linear combinations of oscillator configurations

– Select a set of symplectic irreps, e.g., keep only irreps whose LGI have Nex ≤ Nσ,max
Nσ,max truncation

– Within each irrep, only states with total number of excitation quanta Nex ≤ Nmax are included

N

λ μ Nσ,ex=0

(a)

N

λ μ

Nσ,ex=2

(b)

N

λ μ

Nσ,max=2

(c)



Calculations in a symplectic basis
– Expand Sp(3,R) states in terms of SU(3)-NCSM states

T. Dytrych et al., J. Phys. G: Nucl. Part. Phys. 35 (2008) 123101.
T. Dytrych et al., Phys. Rev. Lett.111 (2013) 252501.

– Diagonalize Sp(3,R) Casimir operator in SU(3)-coupled basis
T. Dytrych, symmetry adapted no-core shell model

– Expand LGI in SU(3)-coupled basis. Repeatedly apply raising operator.
F. Q. Luo, Ph.D. thesis, University of Notre Dame (2014).

– Expand matrix elements between excited states in terms of matrix elements between less
excited states using operator commutators
Y. Suzuki and K. T. Hecht, Nuc. Phys. A 455 (1986) 315.

– Reduce calculation to sum over coefficients and LGI matrix elements
Y. Suzuki and K. T. Hecht, Nuc. Phys. A 455 (1986) 315.

– Recurrence relation between one-body matrix elements.
J. Escher and J. P. Draayer, J. Math. Phys. 39 (1998) 51223.



SpNCCI framework

1. Decompose Hamiltonian in terms of fundamental relative operatorsU(a,b)

H =
∑

〈a||H||b〉︸   ︷︷   ︸
Relative RMEs

U(a,b)

A unit tensorU(a,b) is an operator with a single “unit" non-zero reduced matrix element
defined with respect to a basis. Two- or three-body relative harmonic oscillator basis

〈a′||U(a,b)||b′〉 = δa′,aδb′,b



SpNCCI framework
2. Compute the matrix elements of the unit tensorsU(a,b) in the symplectic
many-body basis

〈ψ′N′ |U(a,b)|ψN〉 =
∑

ψ̄′
N̄′
ψ̄N̄cd

〈ψ̄′N̄ |U(c,d)|ψ̄N̄〉

Recall : ψN ∝ AψN−2

Action of the lowering operator

J± |JMi =
p

(J ⌥ M)(J ± M + 1) |JM ± 1i

J� |J � Ji = 0

Irreducible representation (irrep) J

M = �J, ..., J

hN 0||U||Ni = hN 0||UA||N � 2i

= hN 0||A U||N � 2i + hN 0||[U , A]||N � 2i

= hN 0 � 2||U||N � 2i + hN 0||[U , A]||N � 2i

H =
X

ha||H||bi U(a, b) (1)

Sp(3,R) generators

A
(20)
LM = 1p

2

P
n(b†

n ⇥ b†
n)

(20)
LM symplectic raising

B
(02)
LM = 1p

2

P
n(bn ⇥ bn)

(02)
LM symplectic lowering

C
(11)
LM =

p
2
P

n(b†
n ⇥ bn)

(11)
LM SU(3) generators

H
(00)
00 =

p
3
P

n(b†
n ⇥ bn)

(00)
00 HO Hamiltonian

Sp(3, R) � U(3) � SO(3)
� � !  L

⌦ � SU(2)
SU(2) J

S

(2)

2

Express commutator in terms of other unit tensors [U,A] ∝
∑
U

N

N’



SpNCCI framework
1. Decompose Hamiltonian in terms of fundamental relative operatorsU(a,b)

H =
∑

〈a||H||b〉︸   ︷︷   ︸
Relative RMEs

U(a,b)

2. Compute the matrix elements of the unit tensorsU(a,b) in the symplectic
many-body basis

〈ψ′N′ |U(a,b)|ψN〉 =
∑

ψ̄′
N̄′
ψ̄N̄cd

〈ψ̄′N̄ |U(c,d)|ψ̄N̄〉

3. Construct the Hamiltonian matrix by combing the decomposition of the
Hamiltonian in terms of unit tensor with matrix elements of relative unit tensors.

〈ψ′N′ |H|ψN〉 =
∑
ab

〈a||H||b〉 〈ψ′N′ |U(a,b)|ψN〉



Convergence in the SpNCCI framework
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Convergence in the SpNCCI framework
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Convergence in the SpNCCI framework
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Convergence in the SpNCCI framework
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Convergence in the SpNCCI framework
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Convergence in the SpNCCI framework
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Convergence in the SpNCCI framework

6Li
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Convergence in the SpNCCI framework

– Results converge with respect to Nmax and ~ω within each Nσ,max space but
not necessarily to actual value

– Need convergence with respect to symplectic parameter Nσ,max

– Convergence with respect to Nσ,max achieved when results do not change as
more irreps are included



Convergence in the SpNCCI framework

– Results converge with respect to Nmax and ~ω within each Nσ,max space but
not necessarily to actual value

– Need convergence with respect to symplectic parameter Nσ,max

– Convergence with respect to Nσ,max achieved when results do not change as
more irreps are included

But do we need all of the irreps at each Nσ,max?



Sp(3,R) decomposition

6Li

J=10

2

4
6

M-scheme
Nσ,max

100

102

104

106

108

D
im
e
n
si
o
n

0 2 4 6 8 10 12 14 16 18 20

Nmax

– The 6Li ground state is dominantly a single irrep Sp(3,R) (≈ 86%)

– Only a subset of the Sp(3,R) irreps contribute at more than 0.01%

– SpNCCI basis can be further truncated by specific irreps
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Sp(3,R) decomposition 7Be

Families of states emerge with very
similar Sp(3,R) decompositions



Nuclear rotations

Intrinsic state |φK〉 rotating the the lab frame

|ψJKM〉 ∝

∫
dθ

(
DJ

MK(θ) |φk;θ〉+ (−1)J+KDJ
M−K(θ) |φK̄ ;θ〉

)
E(J) = E0 + A[J(J + 1) + a(−1)J+1/2(J + 1/2)]

Electric Quadrupole (E2) transitions

B(E2;Jf K→ JiK) =
| 〈Jf ||Q2||ji〉 |2

2Ji + 1

〈Jf ||Q2||Ji〉 ∝ (2Ji + 1)1/2(JiK20|Jf K)(eQ0)

(eQ0) ≡ (16π/5)1/2 〈φK |Q2,0|φK〉
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M. A. Caprio, P. Maris and J.P. Vary, Phys. Lett. B 719 (2013) 179



Yrast K = 1/2 rotational band in 7Be
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JISP16 + Coulomb, Nmax = 10, ~ω = 20MeV. [IJMPE 24, 1541002 (2015).]

M. A. Caprio, P. Maris and J.P. Vary, Phys. Lett. B 719 (2013) 179



Yrast K = 1/2 rotational band in 7Be
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Yrast K = 1/2 rotational band in 7Be
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Sp(3,R) decomposition 7Be

Excited states with same Sp(3,R)
content
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Sp(3,R) decomposition 7Be

Excited states with same Sp(3,R)
content but different SU(3) content
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Sp(3,R) decomposition 7Be

Excited states with same Sp(3,R)
content but different SU(3) content



Sp(3,R) decomposition 7Be

Excited states with same Sp(3,R)
content but different SU(3) content



Summary

In Nσ,max truncation scheme. . .

– Calculations converge with respect to Nσ,max at about Nσ,max = 10

– Interaction terms stop mixing Sp(3,R) irreps

– Observables converge rapidly within an Nσ,max space

– Only a fraction of the full Nσ,max space dominantly contributes

Families of states emerge with same Sp(3,R) content
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