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-
General Relativity (GR):

2
mp,

Sey = ——2 | d*x\/—g R
EH= "1ox ) O V8

describes basic properties of the universe in very good agreement with observations.
@ mp; = 1.22-1019 GeV is the Planck mass
Beyond the frameworks of GR:

2
Mpy

Sp=—
F 167

[dxv/=¢ R+ F(r)
F(R) = —R?/(6m?):
@ was suggested by V.Ts. Gurovich and A.A. Starobinsky for
elimination of cosmological singularity (JETP 50 (1979) 844).
o It was found that the the addition of the R?-term leads to inflationary
cosmology. (A. A. Starobinsky, Phys. Lett. B91, 99 (1980))
In any cosmological scenario the problem of graceful exit from inflation
and the problem of the universe heating are of primary importance.
@ Review: A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010)
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|. Cosmological Equations in R2-theory

@ The term describing particle production is included as a source into
equation for the energy density evolution.

Il. Solution ab ovo to T't < 1, but mt > 1

@ Solutions at inflationary and post-inflationary epoch
@ Asymptotic solutions at 7 > 1: RD and MD stages
© Energy influx to cosmological plasma from the scalaron decay

During this time the universe evolution was quite different from the
General Relativity one.

Ill. Solution at T't 2 1: approaching to GR cosmology
@ GR is recovered when the energy density of matter becomes larger
than that of the exponentially decaying scalaron.
@ This approach is delayed: not at 't ~ 1, but at T't ~ In(m/T") =
modification of high temperature baryogenesis, variation of the frozen abundances

of heavy DM particles, necessity of reconsideration of the formation of PBHs, etc.

I\VV. Conclusions
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. Cosmological Equations in R2-theory
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Let us consider the theory described by the action:
2

m R?
Stot:—lpl/d‘lX\/ <R—6rnz>+sm

@ m is a constant parameter with dimension of mass

The modified Einstein equations

R,w—lg,“,R—1<R —le + g,.,D?> - D,D )R:S”T
2 3m? Y B v wev m,2,, v

e D?= gD, D, is the covariant D'Alembert operator.
The energy-momentum tensor of matter T,

T} = diag(o,—P,—P,—P)
where g is the energy density, P is the pressure of matter.
The matter distribution is homogeneous and isotropic
P=wp
@ non-relativistic: w = 0, relativistic: w =1/3, vacuum-like: w = —1
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|
FRW: ds? = dt? — a%(t) [dr? 4 r?d¥? + r?sin® 0 dy?|, H = 3/a
The curvature scalar:
R=—6H — 12H?
The covariant conservation condition D, TH =0:

0=—-3H(o+P)=-3H(1+w)o

Trace equation:

8 2
DR+ m*R=——" TH
mp,

For homogeneous field, R = R(t), and with P = wp:
. . 9 8wm?
R+3HR+m°R=———5—(1-3w)p
mp,
This is the Klein-Gordon (KG) type equation for massive scalar field R, which is
sometimes called “scalaron”. It differs from KG by the liquid friction term.
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-
R+ 3HR + m?R = —3;1;;2(1 —3w)o

This equation:
@ does not include the effects of particle production by the curvature scalar;
@ is a good approximation at inflationary epoch, when particle production by
R(t) is absent, because R is large and friction is large, so R — 0 slowly.
At some stage, when H becomes smaller than m, R starts to oscillate
efficiently producing particles.
@ |t commemorates the end of inflation, the heating of the universe, and the
transition from the accelerated expansion (inflation) to a de-accelerated one.
@ The latter resembles the usual Friedmann matter dominated expansion
regime but differs in many essential features.
Particle production: for the harmonic potential can be approximately

described by an additional liquid friction term 'R, where

m3

48m?,

@ Ya.B. Zeldovich, A. Starobinsky, JETP Lett. 26, 252 (1977); A. Vilenkin, Phys.
Rev. D32, 2511 (1985); EA, A. Dolgov, L. Reverberi, JCAP 1202 (2012) 049.
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Particle Production: friction term approximation

Equation for R acquires an additional friction term:

7'rm2

R+ BH+TNR+ m’R =

PI
Particle production leads to an emergence of the source term in Eq. for g:

mR?_
. — —3H 1 amp
0 A+wle+ 1o -

where R,mp is the amplitude of R(t)-oscillations.

@ The state of the cosmological matter depends not only upon the spectrum of
the decay products but also on the thermal history of the produced particles.

@ Depending on that, the parameter w may be not exactly equal to 0 or 1/3.
The equation of state can be not simple P = wpo with constant w

@ Two limiting values w = 0 and 1/3 are possible simple examples.
@ Different values of w would not change the presented results significantly.
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|
Dimensionless Equations

Dimensionless time variable and dimensionless functions
r=tm, H=mh, R=m?, po=m'y, T =mn.
The system of dimensionless equations
h' +2h* = —r/6
r" +@Bh4+)r +r=—-8mp*(1 —3w)y
y +3(1+w)hy = S[r]

@ prime denotes derivative over T, p = m/mp;, v = /1,2/48
The source term is taken as:

2
S[r] = ) .
11527
@ (r?) means amplitude squared of harmonic oscillations, r2,,. of the
dimensionless curvature r(7).
@ For nonharmonic oscillations we approximate (r?) as 2(r’)2 or (—2r"'r).
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Il. Solution ab ovoto 't <1

o Solution at inflationary epoch
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Duration of Inflation

The initial conditions should be chosen in such a way that at least 70
e-foldings during inflation are ensured:

Tinf
Ne = / hdr > 70
0

We can roughly estimate the duration of inflation neglecting higher

derivatives in equations for h and r.
@ A. A. Starobinsky, Phys. Lett. B91, 99 (1980); A. De Felice and S. Tsujikawa,
Living Rev. Rel. 13, 3 (2010); arXiv:1002.4928

Simplified system to estimate the duration of inflation (y =0, v < 1):
h* = —r/12, 3hr' = —r
Solutions:

V—=r(t) =+v=rn—71/V3, h(t)=(/-3rn—7)/6, rp=r(r =0)
The duration of inflation is roughly determined by the condition h = 0, i.e.
Tinf = —3rnp = Ne= r0/4
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|
Exact System: h' +2h?> = —r/6, y' +3(1+ w)hy = S[r]
r"+ (Bh+)r +r=—8ru(1—3w)y

Numerical solutions: Evolution of h(7) at the inflationary stage

h h
5

IS

~

@ Initial values of dimensionless curvature rp = 300 (left) and rp = 600 (right).
@ |Initially hi, = 0, but it quickly reaches the value h(0) = /—ro/12.
@ The numbers of e-foldings: Ne = ry/4 = 75 (left) and 150 (right).

An excellent agreement with numerical solutions demonstrates high precision of the slow
roll approximation and weak impact of particle production at (quasi)inflationary stage.
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|
Exact System: h' +2h?> = —r/6, y' +3(1+ w)hy = S[r]
r"+ (Bh+)r +r=—8ru(1—3w)y
Evolution of the dimensionless energy density of matter y(7) during inflation for
w =0 (blue) and w = 1/3 (magenta).
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@ Left panel: initially y;, = 0. Right panel: y;, = 0.1.

The initial fast rise of g from zero during short time is generated by the
S[r]-term. The results are not sensitive to the form of S{r].
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|
Exact System: h' +2h?> = —r/6, y' +3(1+ w)hy = S[r]
r"+ (Bh+)r +r=—8ru(1—3w)y

Evolution of the dimensionless curvature scalar r(7) for
rin = —300 (magenta) and r;, = —600 (blue)

@ Left panel: evolution during inflation.

@ Right panel: evolution after the end of inflation, the curvature scalar starts
to oscillate.
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Il. Solution ab ovoto 't <1

o Solution at inflationary epoch

o Solution at post-inflationary epoch

The behavior of R, H and o, or dimensionless quantities r , h, and y
is drastically different at the vacuum-like dominated stage (inflation)
and during scalaron dominated stage, which followed the inflationary

epoch.
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N
Numerical solutions at post-inflationary epoch

We will find the laws of evolution of r(7), h(7), and y(7) after inflation
till v7 ~ 1, solving the system

W +2h*=—r/6
r" + 3h+~)r' +r=—8ru?(1 —3w)y
y +3(1+w)hy = S[r]

The numerical solutions:

@ from the end of inflation — large 7 >> 1, but not too large

@ the numerical procedure for huge 7 ~ 1/~ becomes unstable

Analytical solutions: asymptotically valid at any large 7 up to 7 ~ 1/~.

Very good agreement between numerical and analytical solutions at large
but not huge 7 allows to trust asymptotic analytical solution at huge 7.
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|
Exact System: h' +2h?> = —r/6, y' +3(1+ w)hy = S[r]
r'"+ @Bh+)r +r=—-8rp?(1 —3w)y, u=m/mp =0.1, v=p?/48

Evolution of the curvature scalar, 7r(7), in post-infationary epoch.

Left panel (w =1/3) : initially r;, = —300 (red), r;; = —600 (blue). There is
absolutely no difference between the curves.

Right panel (r;; = —300): w =1/3 (red) and w = 0 (blue). The difference is
minuscule.

The source term here is taken as S[r] = (r’)2/11527. The results are not
sensitive to its form.

Particle production in R + R? cosmology 20 August 2018 17 / 38



|
Exact System: h' +2h?> = —r/6, y' +3(1+ w)hy = S[r]
r"+ Bh+)r +r=—8ru?(1 —3w)y, u=m/mp =0.1

Evolution of the Hubble parameter, h7, in post-inflationary epoch for
w=1/3 (red) and w =0 (blue)
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@ The dependence on w is very weak, except for small values of h.

If his very close to zero, it may become negative because of numerical
error due to insufficient precision.
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|
Exact System: h' +2h?> = —r/6, y' +3(1+ w)hy = S[r]
r"+ (Bh+)r +r=—8ru(1—3w)y
Energy density of matter as a function of time for
w=1/3 (red) and w = 0 (blue)
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@ Evolution of y7 at small T (left) and at large T (right).

The magnitude of g for these two values of w are noticeably different in contrast
to other relevant quantities, r and h, which very weakly depend upon w.

The product y7 tends to a constant value with rising 7 till y7 remains small.
This behavior much differs from the standard matter density evolution @ ~ 1/t2.

Particle production in R + R? cosmology 20 August 2018 19 / 38



-
Asymptotic solution at 7> 1, y7 < 1land w =1/3

Simple form of numerical solutions at large 7:
@ r oscillates with the amplitude decreasing as 1/7 around zero

@ h also oscillates almost touching zero with the amplitude also decreasing as
1/7 around some constant value close to 2/3.

In the case w = 1/3 we have the system of equations

h' +2h*> = —r/6, (1)
r'" +3hr' +r =0, (2)
<r>
'+ 4hy =
Y+ Ahy = s

We search for the asymptotic expansion of h and r at 7 > 1 in the form:
. hy + hy Sil’l(‘l‘ + 0;,)
T

r:rlcos(7-+0,)+£, h
T 72

@ rj and h; are some constant coefficients to be calculated from Egs.(1)-(2)

@ the constant phases 6; are determined through the initial conditions and will

be adjusted by the best fit of the asymptotic solution to the numerical one
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Finally we find:

4cos(tr+60) 4

2
h=_—[1+sin(t+0)], r=
3T 2

T T

Comparison of numerical calculations with analytical estimates for the
adjusted "by hand” phase 8 = —2.97 /4

4 -4
2020 2040 2060 2080 2100

@ Left panel: comparison of numerical solution for hT (red) with analytic
estimate (blue).

@ Right panel: the same for numerically calculated rr.
The difference between the red and blue curves is not observable.
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-
Equation for energy density: y’ +4hy =< r? > /(11527)

(r?) = 16/72 is the square of the amplitude of the harmonic oscillations.

Analytical integration gives:

v = pe [ Few|-a [ dnnin)

n2r J - 75 .

@ 19 <K T is some initial value of the dimensionless time.

Taking asymptotical h(7) we can find an asymptotic behavior of y(7):

cos (112 + 0)

1 1 cos(m+6) 1 L dn,
yi/3 = /

120rT = 45w 72 C27nr2 . 7];/3

@ the subindex (1/3) indicates that w = 1/3

@ € = 79/T <K 1. The last integral is proportional to 1/7%/3

and is subdominant.
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Asymptotic behavior of the energy density for w =1/3

120 rrry

1.010
1.005
1.000

0.995

Comparison of the integral solution

1 T dm T
= — —_— —4 dTih
=0 |5 exp{ / - (n)}

for the dimensionless energy density 12077 y(7) with the asymptotic expression
12077 yy/3(7) for moderately large T (left panel) and very large T (right panel).

Particle production in R + R? cosmology 20 August 2018 23 /38



N
Asymptotic solutionat 7 > 1, v 7 S1land w =0

For w = 0 equations take the form

W +2h*=—r/6
r" +3hr' +r = —8mwpuly
y'+3hy = S[r]

p? < 1 = the impact of the r.h.s. in Eq. for r is not essential = we can use:
4 cos(T + 0) 4

2
h=_—[l14sin(r+80)], r= -
3r T T
The only essential difference with the w = 1/3 case arises in the equation
governing the evolution of the energy density, y (7).

There appears coefficient (-3) in the exponent, instead of (-4):

1 T dm T
y(1) = 7o /T 7_722 exXp [—3/T2 dTlh(Tl)]

0
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Asymptotic behavior of the solution for w = 0

1 cos (T + 0)
 T2nT 36772

Yo

72y

1.002F

1.001F

1.000 -

0.999

0.998

Comparison of the integral solution

1 T dm T
= — -3 dtih
y(r) = o5 = { /T2 ™ (Tl)}
for the dimensionless energy density 7277 y(7) with the asymptotic expression
7271 yo(7) for moderately large T (left panel) and very large T (right panel).
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Il. Solution abovoto 't <1

o Energy influx to cosmological plasma from the
scalaron decay
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Energy influx to cosmological plasma from the scalaron decay

Energy conservation demands equality of the energy influx induced by

2
r
Sir] = (re)
11527
to the loss of scalaron energy density due to its decay with the width
I' = m3/(48m2)).
To check that let us consider a simplified model:

(DR)2 m?’R?  8mm?

A d*x\/—g — TER
R= 487rm4 / 2 m,2:,, K
which leads to the proper equation of motion
8mm?
DR+ m?R=——"7" TH
mp,

To determine the energy density of the scalaron field we have to redefine this field
in such a way that the new field is canonically normalized, that is its kinetic term
enters the action with the coefficient 1/2.
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Energy influx to cosmological plasma from the scalaron decay

Canonically normalized scalar field:

mp

b=—""R
v/ 481 m?
Correspondingly, the energy density of the scalaron field:
B &2 + m2p? B m‘%,,(i:\’2 4 m2R2)
R=TT2 T o6nm?

The energy production rate is given by:

RZ + m2R2 B m3
2304rm  72nt2

@ The coefficient 2 in front of I" appears because a pair of particles is
produced in the scalaron decay.

® We take I' = m3/(48m?,)), r = —4 cos(t + 0) /7 — 4/72 and
differentiate only the quickly oscillating factor.
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Energy influx to cosmological plasma from the scalaron decay

Let us compare result

R?2 + m?R? _ m3

e = 2T = =
Or OR = T30arm  12nt2
with
mR?2 (r?)
5 — _3H 1 ampl S _
@ A+wle+ 1ier o S =115

@ we take the amplitude of harmonic oscillations of R equal to Rampr = 4m/t.

The contribution of the particle production is exactly the same as above:

3

2

Qsource = 115277 = 7ont2”
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According to the results obtained above the cosmological evolution in
R2-gravity is strongly different from the usual FRW-cosmology.
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According to the results obtained above the cosmological evolution in
R2-gravity is strongly different from the usual FRW-cosmology.
@ Firstly, the energy density of matter in R? modified gravity at RD stage
drops down as
m3 3H2m,2,, 3mf,,

1207t read o @GR 8 3272

OR2
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According to the results obtained above the cosmological evolution in
R2-gravity is strongly different from the usual FRW-cosmology.
@ Firstly, the energy density of matter in R? modified gravity at RD stage
drops down as
3 2,2 2
m 3H*m 3m
= —— instead of o0gr = Pl — Pl
1207t @ 8r  32nt2

@ Secondly, the Hubble parameter quickly oscillates with time

OR2

h:%[l—i—sin(f—i—a)]

almost touching zero, and it is the same for w =1/3 and w = 0.
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According to the results obtained above the cosmological evolution in
R2-gravity is strongly different from the usual FRW-cosmology.
@ Firstly, the energy density of matter in R? modified gravity at RD stage
drops down as
3 2,2 2
m 3H*m 3m
= —— instead of o0gr = Pl — Pl
1207t @ 8r  32nt2

@ Secondly, the Hubble parameter quickly oscillates with time

OR2

h:%[l—i—sin(f—i—e)]

almost touching zero, and it is the same for w =1/3 and w = 0.
® The curvature scalar drops down as m/t and oscillates changing sign

4cos(tr+60) 4

r = 2

T T
instead of being proportional to the trace of the energy-momentum tensor
of matter, which is identically zero at RD stage and monotonically decreases

with time, as 1/t? at MD stage.
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According to the results obtained above the cosmological evolution in
R2-gravity is strongly different from the usual FRW-cosmology.
@ Firstly, the energy density of matter in R? modified gravity at RD stage
drops down as
3 2,2 2
m 3H*m 3m
= —— instead of o0gr = Pl — Pl
1207t @ 8r  32nt2

@ Secondly, the Hubble parameter quickly oscillates with time

OR2

h:%’_[l—i—sin(f—i—e)]

almost touching zero, and it is the same for w =1/3 and w = 0.
® The curvature scalar drops down as m/t and oscillates changing sign
4cos(tr+60) 4

r = 2

T T
instead of being proportional to the trace of the energy-momentum tensor
of matter, which is identically zero at RD stage and monotonically decreases
with time, as 1/t? at MD stage.

@ It is noteworthy that R is not related to the energy density of matter
as is true in GR.
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lll. Solution at 't 2> 1
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|
Solution at y7 > 1, v = 1?/48 and 1 = m/mp,

W +2h*=—r/6
r" + 3h+~)r' +r=—8rp?(1 —3w)y
y'+3(1+w)hy = S[r]

A straightforward numerical solution of this system quickly becomes unreliable due to
very small exponential suppression factor exp (—y7/2), when v7 > 1.

The case of relativistic matter, w = 1/3:
r'"+@Bh+~)r+r=20

Eliminating the first derivative r’ by introducing the new function v, we find:

r=exp|—y(T —70)/2—(3/2) / dT1h(T1)j| v(T)
where
v(T) = —4v cos (T + 0)

NB. Curvature r exponentially vanishes at large v7/2 = r.h.s. of Egs. for h and y
tends to 0 with the same speed, restoring the normal cosmology at RD stage.
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Nonrelativistic dominance: w = 0 or some deviations from w =1/3

We study
r" + Bh+~)r +r=—8ru*(1—3w)y
@ non-zero r.h.s. might change the asymptotical exponential decrease of r.
Making the same transformation as previously, we find for the curvature scalar:

r = rhom + rinn

where rpom is a solution of the homogeneous equation:

3 T
rhom = 10 COS(T + 0) exp {_;(T —T) — 5/ deh(Tz)]
To
and the inhomogeneous part of the solution is:

Finh = _87FM2(1 — 3w)/ driy(m)sin(T — 1) exp |:—%(T —T1) — g/ deh(Tz)]
70

T1
@ the solution of the homogeneous equation, r,, drops down exponentially as e /2

@ the inhomogeneous part does not; integral for r is dominated by 7 close to 7.

The value of (1 — 3w) is not yet specified here, we only assume that it is nonzero.
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The transition from the modified R?-regime to GR

~ hi+ hysin(7 + 04)
T

_n

Assuming h(T) ; y(T) — Tiﬁ

we find the asymptotic solution:

N 16wp?(1 — 3w) y l(‘r >5_3hl/2

Finh = B

e T/ 2 cos (7 — 1) — 1
7o

@ ~7 > 1. the first term dies down, but the last non-oscillating term survives.
@ In this limit the particle production by R vanishes, or strongly drops down.
We have:
r = r'hom =+ Finh
@ rhom decreases as e 7/2

@ rinn ~ p? < 1, but does not drop down exponentially due to the last term
in the square brackets

The GR regime is restored when the second term becomes comparable with the
exponentially decreasing one.
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The transition from the modified R?-regime to GR

It is natural to expect that the GR regime starts roughly at 7 2 1/~.

Simple estimate for w = 0:

We have to compare the value of the curvature scalar
r=2u%/(97)
with homogeneous solution for the curvature:
r~dexp(—~7/2)/T
These expressions become comparable at
~1 = 2In(1/p?) ~ In(mp;/m)

Similar arguments cannot be applied to w = 1/3, because in this case Rgr = 0.

In realistic case w differs from zero either due to presence of massive particles in
the primeval plasma or because of the conformal anomaly.
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-
Cosmological history in R?-gravity: 4 distinct epoch
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-
Cosmological history in R?-gravity: 4 distinct epoch

@ An exponential (inflationary) expansion: the universe was void and dark with
slowly decreasing curvature scalar R(t). The initial value of R should be
quite large, R > 300m?, to ensure sufficiently long inflation (N, > 70).
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|
Cosmological history in R2-gravity: 4 distinct epoch

@ An exponential (inflationary) expansion: the universe was void and dark with
slowly decreasing curvature scalar R(t). The initial value of R should be
quite large, R > 300m?, to ensure sufficiently long inflation (N, > 70).

@ Scalaron dominated epoch: R dropped down and started to oscillate as
R ~ mcos (mt)/t

The curvature oscillations resulted in the onset of creation of usual matter, which
remains subdominant.

The universe expansion is described by unusual law with the Hubble parameter
H = (2/3t)[1 4 sin (mt)]

Such a regime was realised asymptotically for large time, mt > 1, but T't S 1.
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|
Cosmological history in R2-gravity: 4 distinct epoch

@ An exponential (inflationary) expansion: the universe was void and dark with
slowly decreasing curvature scalar R(t). The initial value of R should be
quite large, R > 300m?, to ensure sufficiently long inflation (N, > 70).

@ Scalaron dominated epoch: R dropped down and started to oscillate as
R ~ mcos (mt)/t

The curvature oscillations resulted in the onset of creation of usual matter, which
remains subdominant.

The universe expansion is described by unusual law with the Hubble parameter
H = (2/3t)[1 4 sin (mt)]
Such a regime was realised asymptotically for large time, mt > 1, but T't S 1.

© Transition period to GR: the oscillations of all relevant quantities damps down
exponentially and the particle production by curvature switches off, becoming
negligible. Presumably it takes place when I't becomes larger than unity by the
logarithmic factor, In (mp;/m).
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-
Cosmological history in R?-gravity: 4 distinct epoch

@ An exponential (inflationary) expansion: the universe was void and dark with
slowly decreasing curvature scalar R(t). The initial value of R should be
quite large, R > 300m?, to ensure sufficiently long inflation (N, > 70).

@ Scalaron dominated epoch: R dropped down and started to oscillate as
R ~ mcos (mt)/t

The curvature oscillations resulted in the onset of creation of usual matter, which
remains subdominant.

The universe expansion is described by unusual law with the Hubble parameter
H = (2/3t)[1 4 sin (mt)]
Such a regime was realised asymptotically for large time, mt > 1, but T't S 1.

© Transition period to GR: the oscillations of all relevant quantities damps down
exponentially and the particle production by curvature switches off, becoming
negligible. Presumably it takes place when I't becomes larger than unity by the
logarithmic factor, In (mp;/m).

© After this time we arrive to the usual GR cosmology.
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To be continued...

Unusual cosmological evolution during the time t < 1/I" would lead to:
@ noticeable modification of the cosmological baryogenesis scenarios
@ variation of the probability of formation of primordial black holes
@ change of the frozen density of dark matter particles

@ etc..

In particular, it opens window for heavy lightest supersymmetric particles
to be the cosmological dark matter (work in progress..)
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The END

Thant You for Your Attention
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