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Introdu
tion (motivation)

The sear
h for QGP in heavy ion 
ollisions → it is ne
essary to


onne
t observables with medium properties

Experimental data → we need to take into a

ount 
olle
tive

e�e
ts

⇒ Simplest way is hydrodynami
s.

Hydrodynami
s appli
ability 
onditions ⇒ It 
annot be applied

at the initial stage of a 
ollision ⇒ We need, e.g., a kineti


model. Our 
hoi
e is HSD/PHSD (Parton Hadron String

Dynami
s, PHSD 1.0).

W. Cassing and E. L. Bratkovskaya, Phys. Rept. 308, 65 (1999)

HSD/PHSD des
ribes many experimental data in the energy

range E
lab

= 2− 50 A · GeV (NICA, FAIR)

Hydrodynami
s must be stopped when medium be
ome

nonequilibrium ⇒ �freeze-out�
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HydHSD (ideal hydrodynami
s)
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hydro+UrQMD

The la
k of pions is due to the absen
e in our model

of dissipative e�e
ts whi
h in
rease the entropy.
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Hydrodynami
s: equations, parameters, and

numeri
al algorithm
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Equations of 2nd order hydrodynami
s: 
onservation laws

Just 
onservation laws of energy-momentum and baryon 
harge in

the di�erential form:

∂µT
µν = 0, ∂µJ

µ = 0 (1)

When dissipation pro
esses are in
luded, the energy-momentum

tensor and the baryon 
urrent 
an be expanded as:

Tµν = T
µν
id

+ Π∆µν + πµν , Jµ = n uµ + V µ ,

T
µν
id

= ε uµuν − P∆µν , ∆µν = gµν − uµuν ,

uµ = γ(1, v), γ = (1− v2)−1/2, gµν = diag(1,−1,−1,−1)

πµν
is a tra
eless symmetri
 tensor and satis�es the orthogonality

relations:

uµπ
µν = 0, πµν = πνµ, πµ

µ = 0.

The system of equations (1) is supplemented by an equation of

state (EoS)

P = P(ε, n)
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Equations of 2nd order hydrodynami
s: relaxation equations

1st order (Navier-Stokes ) hydrodynami
s 
an fail relativisti



onstraints ⇒
2nd order theory is ne
essary for modeling heavy-ion 
ollisions

Dissipative terms πµν
, Π, V µ

are independent dynami
al variables!

We 
onsider only shear vis
osity and follow the original

Israel-Stewart approa
h

(uλ∂λ)π
µν = −

πµν − ηW µν

τπ
,

W µν = ∆µλ∂λu
ν +∆νλ∂λu

µ −
2

3

∆µν θ , θ = ∂λu
λ

W. Israel and J.M. Stewart, Ann. Phys. 118, 341 (1979)
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Shear vis
osity. The numeri
al method.

To solve the relaxation equation, one need to know τπ and η.
We use simple relations E. Moln�ar et al., PRC 90, 044904 (2014)

τπ =
5η

ε+ P
,

η

s
= 
onst

SHASTA (the SHarp and Smooth Transport Algorithm)

E. Moln�ar et al., Eur. Phys. J. C 65, 615 (2010).

dx = 0.2 fm, λ = dt/dx = 0.4, Aad = 0.6

EoS = the hadron gas in a mean �eld + σ-meson

Satarov et al., Phys. Atom. Nu
l. 72, 1390 (2009)
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Some important features

1

We rewrite the energy-momentum equation as

∂µT
µν
id

= −∂µπ
µν .

Independent propagated (primary) variables are

T
µν
id

, J0, π22, π33, π12, π13, π23

2

On ea
h 
al
ulation step we have to ensure the appli
ability of

2nd order hydrodynami
s. The theory requires that the

dissipative 
urrents give su�
iently small 
orre
tions to the

lo
al equilibrium (= ideal �uid) quantities.

q = max

µ,ν

|πµν |

|Tµν
id

|
< C (S-
ond.)

πµν → πµν C

q
by hand

C = 0.3 by default
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Kineti
s→hydrodynami
s

The transition from kineti
 des
ription to the hydrodynami
 one

o

urs at some time moment t
start

when S/NB is �attened

V. V. Skokov and V. D. Toneev, YaF 70, 114 (2007)

πµν(thydro = 0) = 0

The impa
t parameter b = 1 fm for all 
onsidering energies.

Only parti
les that have su�ered intera
tions are in
luded for

obtaining the initial state.

Table: Starting times of hydrodynami
al 
al
ulations

E
lab

[ A · GeV℄ 6 10.7 40 80 158

t
start

[fm/c℄ 7.9 7.18 4.57 3.8 3.01
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Observable 
al
ulation (parti
lization)

Hydrodynami
s is �nished by �instantaneous freeze-out�.

A parti
lization pro
edure is applied to 
onvert �uids to parti
les

a

ording to Cooper-Fry formulae:

E
d

3Na

dp3
=

ga

(2π)3

∫

d

3σnµp
µfa(x , p) , (2)

The hypersurfa
e for isothermal freeze-out is determined by

CORNELIUS algorithm.

P. Huovinen and H. Petersen, EPJA 48, 171 (2012)

For vis
ous �uids, one has to take into a

ount the modi�
ation of

the distribution fun
tion:

fa(x , p) = f (0)a (x , p)

{

1+ [1∓ f (0)a (x , p)]
pµpνπ

µν

2T 2(ε+ P)

}

,

f (0)a (x , p) =
{

eβ[p
νuν (x)−µa(x)] ± 1

}

−1

, β = 1/T .

Iu. A.Karpenko et al., PRC 91, 064901 (2015)

+ resonan
e de
ays
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Response of our model on parameter


hanging
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The dependen
e on η/s ratio

E
lab

= 40 A · GeV as a referen
e point
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Cal
ulations with the very small

value of η/s = 0.01 demonstrate

that already su
h small vis
osity


hanges visibly rapidity

distributions 
omparing to the

non-vis
ous 
ase.

An in
rease of the vis
osity leads

to sizable 
hanges in the rapidity

distributions. The two-hump

stru
ture in the proton rapidity

distribution be
omes mu
h more

pronoun
ed (more slow

expansion!). The pion rapidity

distributions be
omes higher

(the temperature de
reases more

slow).

We observe saturation with an

in
rease of the η/s ratio.

The transverse momentum

spe
tra are very weak dependent

on η/s.
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The dependen
e on T
frz

η/s = 0.1

-2 -1 0 1 2
0

20

40

60

-3 -2 -1 0 1 2 3
0

50

100

150

0.0 0.5 1.0 1.5
10-1

100

101

102

0.0 0.5 1.0
101

102

103

104

         Tf.o.

 140 MeV
 150 MeV
 160 MeV
 170 MeV

 

 

dN
/d

y

y

protons Pb+Pb@40AGeV
NA49

/s=0.1

(a) b=1fm b=1fm

/s=0.1
         Tf.o.

 140 MeV
 150 MeV
 160 MeV
 170 MeV

NA49
Pb+Pb@40AGeV

 --

 

 

y

pions

(b)

/s=0.1

         Tf.o.

 140 MeV
 150 MeV
 160 MeV
 170 MeV

 

 

dN
/d

yd
m

2 T [
G

eV
-2
]

mT-mN [GeV]

protons Pb+Pb@40AGeV
NA49

y=0

(c) b=1fmb=1fm

/s=0.1

y=0

         Tf.o.

 140 MeV
 150 MeV
 160 MeV
 170 MeV

NA49
--

 

 

mT-m  [GeV]

pions Pb+Pb@40AGeV

(d)

The proton rapidity distribution

be
omes higher if the freeze-out

temperature T
frz

is lower.

We observe similarity in e�e
ts


aused by T
frz

de
reasing and η/s
in
reasing, both lead to a growth

of the humps in dNp/dy . The
reason of that an in
rease of the

evolution duration in both 
ases.

Rapidity distributions be
omes

wider with in
reasing T
frz

.

The height of dNπ/dy has a limit!

It results in that we are able to

reprodu
e the proton rapidity

distribution but not the pion one.

The slope of the pion transverse

momentum spe
tra is almost

insensitive to the variation of T
frz

and the proton spe
tra

demonstrates very weak

dependen
e.
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Intermediate remarks

We are able to reprodu
e the proton rapidity distribution but not

the pion one. The te
hni
al reason of this failure in reprodu
ing

both distributions is the mentioned insensitivity of the distributions

to η/s > 0.1. We 
an obtain only the 
orre
t width of the dNπ/dy .

To approa
h experimental data for the proton transverse

momentum spe
trum, we need T
frz

< 120MeV, whereas

T
frz

∼ 150− 160 MeV is ne
essary for the des
ription of the

dNp/dy . This problem o

urs for all energies E
lab

≥ 10.7 A · GeV
and may be 
aused by an inappropriate EoS and/or an initial state.

The slope of pion m
T

spe
trum is well des
ribed.

A question:

Why are vis
ous e�e
ts in our hybrid model quite small (∼ 10%) for

pion rapidity distribution while results of authors [Iu.A. Karpenko et

al., PRC 91, 064901 (2015)℄ within the vHLLE+UrQMD model

demonstrate that the response is large (about 20%)?
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The vis
ous response to the 
onstant C
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If C is larger, the vis
ous e�e
ts are expe
ted to be more pronoun
ed. That is

indeed the 
ase:

The two-hump stru
ture in proton rapidity distributions is more

pronoun
ed for larger values of C -parameter

Simultaneously pion rapidity distribution is getting a bit higher but the

gain at mid-rapidity too small to improve the agreement with the

experiment.
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Constraints on the πµν
tensor in vHLLE and MUSIC

The vHLLE model uses another 
onstraint on the πµν
tensor

magnitude using the 
riterion: the quantity q is 
al
ulated as

q = q
V

≡
maxµ,ν |π

µν |

maxµ,ν

∣

∣T
µν
id

∣

∣

. (V-
ond.)

It 
learly results in a weaker 
ondition than our de�nition.

Let us also 
onsider the 
ondition whi
h is applied in the MUSIC

model

B. S
henke et al., PRL 106, 042301 (2011)

q = q
M

≡

√

πµνπµν
T

µν
id

T
id,µν

. (M-
ond.)

Remember that we applied

q = max

µ,ν

|πµν |

|Tµν
id

|
< C (S-
ond.)
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Rapidity distributions for di�erent 
onditions
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Applying weaker 
onstraints leads to dramati
ally 
hange in the rapidity

distributions. The height of the proton humps and of the pion distribution

in
rease sizably 
ompared to the 
al
ulations with the stri
ter 
onstraint.

Sensitivity of rapidity spe
tra to the η/s value are mu
h larger for the V-

and M-
onditions than for the S-
ondition.

Applying V- and M-
onditions, we obtain qualitatively similar results.
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Evolution of the total energy and entropy
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A weaker 
onstraint leads to

longer evolution time;

a larger �u
tuations of the

total energy;

a larger de
rease of S
tot

.

Disadvantages of the V-
ondition:

E
tot

starts to in
rease after

the �rst 5 fm/c;

longest evolution (mu
h

longer than for two other


onstraints, ∼ 20 fm/c for

the 
onsidered 
ase);

most large �u
tuations and

a strongest de
rease of the

total entropy.
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Best �t: AGS
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At E
lab

= 6 A · GeV, the proton mT -spe
tra and the rapidity distribution 
an

be reprodu
ed reasonably with S-
ond.

At higher energies, proton mT -spe
tra have too steep slope.
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Best �t: SPS
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Using the M-
onstraint, it is possible reprodu
e pion rapidity distribution and

mT -spe
tra.

We 
annot simultaneously reprodu
e pion and proton distributions using any


ondition.
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The �tted parameters

S-
ondition (π)M-
ondition

E
lab

[ A · GeV]
T
frz

[MeV℄ η/s T
frz

[MeV℄ η/s

6 78 0.03 120 0.07

10.7 125 0.01 143 0.24

40 155 0.05 170 0.08

158 160 0 205 0.1

The �t of proton rapidity distribution needs small values of η/s (in

agreement with our ideal-hydro 
al
ulations!). As a result, the height of

pion distribution is also 
lose to non-vis
ous 
ase.

The �t of pions with a weaker 
ondition leads to systemati
ally large

values of T
frz

and η/s. η/s ∼ 0.1 at all energies, ex
luding

E
lab

= 10.7 A · GeV.

We see an extremum for η/s at E
lab

= 10.7 A · GeV with M-
ondition

and may be with S-
ondition.
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Con
lusions

We extended the earlier developed HydHSD model by in
lusion

shear vis
osity within Israel-Stewart hydrodynami
s.

It is shown that the form of πµν
-
onstraints plays a 
ru
ial role

for sensitivity to the η/s value. A numeri
al algorithm with a

weaker 
ondition, like used in MUSIC or vHLLE 
odes, is more

responsive and leads to a higher pion rapidity distribution.

Any 
onsidered 
ondition does not allow to reprodu
e

simultaneously pion and proton experimental data.

We assume that the reason is an inappropriate EoS and/or

initial 
onditions and also a non-zero bulk vis
osity has to be

taken into a

ount.
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Thank you for attention!
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