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Motivation

Finding exact solutions to Einstein gravity is hard.




Narrative

There is a gravity theory (“supergravity”).

For any * solution to this theory with an isometry group,
there exists a deformation where the equations of motion
reduce to the Classical Yang-Baxter Equation.

So for each “r-matrix” solution to the CYBE, we have a new
solution.

In other words, we have a solution generating technique.



1. Review integrability and CYBE.

Outline

&. Introduce gravity theory.

3.

6]

Explain relation between CYBI

i & gravity.



Why integrability*

“Ove can ask what is good w |+ W\ode\s’ when ouyr spacetime is 3+|

dimensional - -

A ---can teach us about the vealistic Field—theoretical models in a
nwonpevturbative way- ..

B . ovumevous physical applications: -

c - cuseful v modeyrwn S-(:‘(i\n() -Hmeor\y v contormal Field -Hneor\j models ave

special massless limits:--

D ...feaches us about vew phenomena- ..

B ---delightful pastime- . 1,. Faddeev



Classical Integrability

Hamiltonian dynamical system with 2d phase space M
(Q,uap,u)a p=1,...,d
{Q,ua%/} — {p,uapl/} = 0, {Q,uapu} — 5,uw

Liouville integrability: d independent conserved quantities

(involution) {F,,F,} =0, H=H(F,)

EolMs can be solved by integration.



Example

Harmonic oscillator in 1D




Algebraic Methods

Suppose we can recast Hamilton’s equations.

d.L
_— —
dt M, L

dOy,

n—1
= Y trL'[M,LIL" ' =0

1=0

0, = trL",

Eigenvalues of L conserved in time. O, = E Ao
(84



Example

Can define Lax pair for harmonic oscillator.

_( P wqg ) _ (0 =3\ _ w
L_<wq _p)-pag—l—wqal, M—<% 0 >— 2202

dL | .
— =M. L] = p=—-w'q {=p

Lie algebra, L,Mcg, g=sl(2,C)



Involution

Have Lax pair, conserved quantities, but not yet involution.

Theorem.: .

{L17

figenvalues of L are in involution iff

Lo} = |r19, L1| — [ro1, La],
Li1=Lx1, Lo=1®L, 7r2€g®yg

Jacobi satisfied if rigs constant and skew-symmetric

(CYBE)

12,713 + [r12, 23] 4 |r13,723] = 0



Classical Yang-Baxter Equation
15, Tj] = fijkaa 1; €9

r-matrix r —= 7‘7’3 T,L A\ Tja 74713 — —TJZ

(homogeneous) CYBE takes the form

lel Jlklz klzlj_
fll 1] b2 _I_fll 1 Q_I_fll 110027 — )

1. Classical limit of QYB h— 0

&. Schouten bracket from diff. geometry (R-flux in DFT)



Cartoon

D sigma-model target-space geometry

one-loop beta-functions “supergravity” equations



Gravity theory

Consider non-linear sigma-model with target manifold M

1 -
S:ifd%gij(qb)a“gbzaw, i=1,....d

0 h

a a Y9i5 — _%R Friedan (1980)

Bij

UV finiteness R;; = V(Wj)a (Uz' — a,icb)

scale versus conformal symmetry



Gravity theory

1 -
Wess-Zumino term Swz = 5 / d*z /7" bij ($)0u ¢ Op P

A

: : : v T 0 _
connection with torsion ik =Ll +Hy H=db
Curtright, Zachos (1984)

beta-functions for sigma-model with scale symmetry

fﬁj — Rkikj = V(iVj) + Hijkv’f + iy



Generalized Supergravity

Arutyunov, Hoare, Frolov, Roiban, Tseytlin (2015)

1
B8, = =5V Hp + XP Hypy + VX, = V, X,

1
860, = Ruv = 3 Hypa B/ + VX, + VX,

1
H? + 4V, X" —4X, X"

Be = R T

X, = 0, + (g + By "

(we omit RR sector)
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Comment on GS: new or not?

T-duality is a symmetry of string sigma-model.

Buscher (1988)

Can apply Buscher procedure to non-Abelian isometries.

de la Ossa, Quevedo (1993)
A Problem with Non-Abelian Duality

M. Gasperini R. Ricci G. Veneziano

(Submitted on 24 Aug 1993 (v1), last revised 7 Sep 1993 (this version, v2))

We investigate duality transformations in a class of backgrounds with non-Abelian isometries, i.e. Bianchi-type (homogeneous)
cosmologies in arbitrary dimensions. Simple duality transformations for the metric and the antisymmetric tensor field,
generalizing those known from the Abelian isometry (Bianchi |) case, are obtained using either a Lagrangian or a Hamiltonian
approach. Applying these prescriptions to a specific conformally invariant $\s$ -model, we show that no dilaton transformation
leads to a new conformal background. Some possible ways out of the problem are suggested.



Anomaly

Non-semisimple groups: there is a gauge-gravity anomaly.

Alvarez, Alvarez-Gaumé, Lozano (1994)

NATD sigma-model
1 o _
S = o /d2z<Fij8mzﬁajj + (2® + Indet N)00o
70

+ (OAg — O3 FE + 17,00 )N (DN + FEIz? — t+13,00) ),
1a bj

N=(E@)+Af)"" (=I5

Elitzur, Giveon, Rabinovici, Schwimmer, Veneziano (1994)



Resolution

EGRSV showed that Bianchi V NA T-dual satisfies new
equations that include anomaly.

NATD of Bianchi V is also solution to GS.

Fernandez-Melgarejo, Sakamoto, Sakatani, Yoshida (2017)

We showed

1. Killing vector is trace of structure constant 1 ' = 37@

&. variation of anomaly term recovers EoMs of GS

Hong, Kim, 0 C (2018)



“APS-phobic” Paper

Classical Yang-Baxter Equation from Supergravity

I. Bakhmatov,“2 O. Kelekci,® E. O Colgéin,! and M. M. Sheikh-Jabbari*
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We promote the open-closed string map, originally formulated by Seiberg & Witten, to a solution
generating prescription in generalized supergravity. The approach hinges on a knowledge of an

Assume metric and scalar (G, D)

Generate metric, B-field (G ' +0) '=g+ B
Seiberg, Witten (1999)

T-duality invariant e_%\/—g = e **V -G

Add a little magic " =vi©agre



What is the input?

For simple examples (D) can solve for deformation.

But assuming it is bi-Killing, nice things happen.

Y B TR A VR 7 R
O =r Ky K] r’ =-—r
1 ..
"= —rf FKV
2 JW Tk

When vectors commute, we recover TsST transformations.

Lunin, Maldacena (2004)



Example 1

Flat spacetime in 3D

ds® = —dt* + dy* + dz*

Killing vectors

17 :ata 15 :a:vv 13 :ayv
T4 — té’w -+ a:'(‘?t, T5 — té’y -+ y@t, T6 — xé’y — y@x

commutation relations

[T17T4] — T27 [T17T5] — T37 [T27T4] — T17 [T27T6] — T37 [T37T5] — T17
T3, T6) = =T, [T4,T5]=Ts, [Ta,T6]="1T5, [T5,T6)=—T4



Example 1

Now consider the candidate r-matrix

?“ZCVT4/\T5—|—5T5/\T6—|—’}/T6/\T4

Impose CYBE:

=
=
|

L

CV2:62‘|‘72

Rewrite r-matrix as deformation parameter

O = oz(t&,; —+ CCat) AN (tﬁy + y@t) + B(tay + yé’t) A\ (xé’y — y@x) + ’V(Can — yé’m) N\ (t@x + x@t)



Example 1

O = —yA, OW =zA, O™ =tA,
A =at+ by —vyx

Killing vector: I = a(x0y — y0,) — B(t0y + x0:) — v(y0; + t0y)

Deformed solution:

1

5 w v o__ _dtZ d 2 d 2
guvdz”da T+ A2 — 22— ) + dx” +dz
— A? [(tdt — zdx)” + (tdt — ydy)® + (zdz + ydy)?] |,
1
B =— (ydt Adx + tdx A dy + zdy A dt),

1+ A%(t2 — 22 —y?)]

1
b = -3 log [1 + A% (% — 2% — y2)}



Example &2

AdS2x SR (2D example)
—dt? + dz? .
ds? = ( > ) - d¢? + sin® ¢dy?
Ansatz O = 0(t,2), OX =045((, x)

O = citz + CzZ(t2 — 22) + c32
©y = c4 COS Y + C5sin 'y + cg cot

Solution

Constraint 0= —cj +4cacs = c; + c: + i



Example &2

No deformation of S?2- reflects simply CYBE for su(2).

T1 — —t@t — z@z, T2 — —875, T3 — —(tQ -+ zQ)ﬁt — 2?526;;

r-matrix solution to the CYBE for sl(2)

r —= —Cng /\T2 —+ %TQ /\T3 T CZTS /\Tl

deformation specified by EolMs



Perturbative Proof

Expand in NC parameter, plug into GS

EOMSs.

G = Guv + 0,00, + 0O(0%),

B, =-0,, —0,,003,

1
b=+ Z@pg@p" + 0(6%)

0(©?),

KozKﬁv Kﬁm (fl lm 114 klg _I_fl l2k mlq zlg _I_fl lz kll?“ml2)—|—
(0770 + P07 + ©7*0Y) Rgy0x = 0.

Bakhmatov, O C, Sheikh-Jabbari, Yavartanoo (2018)



Summary

¢ “Supergravity” is equivalent to the CYBE through open-
closed string map of Seiberg-Witten.

¢ Fasy to now deform geometries.

e Can we classii
gravity?

e Can we prove

'y solutions to CYBI

claim<

f, (nath problem) using

® Do higher-order corrections capture the QYB?



