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In this workshop, we learned

the electrically charged rotating AdS black holes and the superconformal
index in the Cardy limit [Seok’s lectures, Sunjin’s and June’s talk]

the magnetically charged static AdS black holes and the topologically twisted
index [Morteza’s talk]

Morteza also gave us a nice overview and introduction to the geometric duals of
extremization principles in SUSY gauge theories.

In this talk, I will explain the geometric aspects of the extremization and present
some explicit examples.
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Four Extremizations

a-maximization F-maximization
[Intrilligator, Wecht 03] [Jafferis 10]

4 d, N=1 3 d, N=2
central charge atrial(∆a) S3 free energy F (∆a)

Xgravity dual

AdS5× Y5, atrial ∼ 1
vol(Y5) AdS4× Y7, F ∼ 1√

vol(Y7)

Geometric dual of a- & F-maximization
: volume minimization [Martelli, Sparks, Yau 05]
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Compactify theories on Σg with a topological twist

c-extremization I-extremization
[Benini, Bobev 12] [Benini, Hristov, Zaffaroni 15]

2 d, N=(0,2) 1 d, N=2
central charge cr(∆a,na) topologically twisted index I(∆a,na)

Xgravity dual

AdS3 × Σg, AdS2 × Σg
the entropy of the magnetically
charged static AdS black hole

Aim : Finding a geometric dual of c- and I-extremization.

The geometric dual of c-extremization was studied in [Couzens, Gauntlett, Martelli,

Sparks 1810; Gauntlett, Martelli, Sparks 1812 ; Hosseini, Zaffaroni 1901]

In this talk, I will focus on the I-extremization. [Hosseini, Zaffaroni 1901; HZ 1904;

GMS 1904; KK 1904]
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AdS solutions from wrapped D3- and M2-branes

AdS3 solutions in type IIB [Nakwoo Kim 05]

ds2
10 = L2e−B/2

(
ds2(AdS3) + ds2(Y7)

)
,

F5 = −L4 (volAdS3
∧ F + ∗7F ) .

AdS2 solutions in d=11 supergravity [N. Kim, Jong-Dae Park 06]

ds2
11 = L2e−2B/3

(
ds2(AdS2) + ds2(Y9)

)
,

F5 = L3volAdS2
∧ F.

SUSY requires a Killing vector ξ in Y2n+1 and the foliation Y2n to be a Kähler
manifold.
The 2n-dimensinal Kähler metrics satisfy the gauge field equation of motion

22nR−
1

2
R2 +RijR

ij = 0,

where n = 3 for IIB and n = 4 for d=11.
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CGMS-Extremization

Imposing the supersymmetry condition and relaxing the equation of motion, the
supersymmetric solution can be obtained by extremizing (2n+1)-dimensional
action [Couzens, Gauntlett, Martelli, Sparks 1810]

SSUSY =

∫
Y2n+1

η ∧ ρ ∧ Jn−1

(n− 1)!
.

For n=3, the central charge

csugra =
3L

2G3
=

3L8

(2π)6g2
s`

8
s

SSUSY|on-shell.

For n=4, the Bekenstein-Hawking entropy

SBH =
1

4G2
=

4πL9

(2π)8`9p
SSUSY|on-shell.
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OLD & NEW extremizations

AdS5 × SE5 and AdS4 × SE7 solutions

C(X2n−1) is Kähler : X2n−1 is Sasakian.

volume minimization : relax Einstein conditions and extremize the Sasakian
volume V (bi). [Martelli, Sparks, Yau 05]

~b is a Killing vector, called Reeb vector, which is dual to a U(1) R-symmetry
in the field theory.

AdS3 × Y7 and AdS2 × Y9 solutions

C(Y2n+1) is not Kähler : Y2n+1 is no longer Sasakian.

Focus on a special case where Y2n−1 → Y2n+1 → Σg and C(Y2n−1) is toric.
[Gauntlett, Martelli, Sparks 1812]

For a given toric data of C(Y2n−1), we can calculate a master volume
V(bi; {λa}).

Extremizing SSUSY corresponds to a geometric dual of c- and
I-extremization.
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GMS-Extremization with the master volume

Step 1. Construct the master volume V(bi; {λa}) for a given toric data.

OLD : For toric Kähler cones C(X2n−1),
there are

U(1)n isometries

the moment map polyhedral cone
C ⊂ Rn

the inward pointing normal vectors va to
d-facets : the toric data

e.g. n=3, d=4

The (2n− 1)-dimensional volume V can be obtained from the volume of the
polytope P

V =
(2π)n

|~b|
Vol

(
P(~b)

)
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NEW: When C(Y2n+1) is not Kähler,

Focus on the case where Y2n+1 is a
Y2n−1 fibration over Σg and C(Y2n−1)
is toric.

It can be described by varying the
transverse Kähler class λa.

The vertices of the Sasakian polytope
are moved. e.g. n=3, d=4

The volume is called the master volume.

V =
(2π)n

|~b|
Vol

(
P(~b; {λa})

)
It is a generalization of a Sasakian volume by the transverse Kähler class λa.

It reduces a Sasakian volume when λa = − 1
2b1

.

Now consider the total space Y2n+1.
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Step 2. Solve the constraint equation and the flux quantization conditions for
λa, A

A

d∑
a,b=1

∂2V
∂λa∂λb

= 2πn1
d∑
a=1

∂V
∂λa
− 2πb1

4∑
i=1

ni
d∑
a=1

∂2V
∂λa∂bi

,

N = −
d∑
a=1

∂V
∂λa

, naN = − A

2π

d∑
b=1

∂2V
∂λa∂λb

− b1
4∑
i=1

ni
∂2V
∂λa∂bi

.

Step 3. Obtain the entropy functional and the R-charges of baryonic operators

S(bi,na) = −8π2

(
A

d∑
a=1

∂V
∂λa

+ 2πb1

4∑
i=1

ni
∂V
∂bi

)∣∣∣∣∣
λa,A

,

R̃a(bi,na) = − 2

N

∂V
∂λa

∣∣∣∣
λa,A

.

Step 4. Extremize the entropy functional with respect to b2, b3 and b4 after setting
b1 = 1.
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Topologically twisted indices,

black hole entropy and entropy functional

: ABJM case

[Benini, Hristov, Zaffaroni 15]

[Hosseini, Zaffaroni 1901]
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ABJM theory

ABJM theory is a 3-dimensional U(N)k × U(N)−k Chern-Simons theory

4 bi-fundamental chiral multiplets

the quartic superpotential
W ∝ tr(εabε

cdZaWcZ
bWd)

1 2

The dual gravity theory is

the AdS4× S7 solution of D=11 supergravity

the SO(8)-invariant vacuum of D=4, N = 8 SO(8) gauged supergravity
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Topological twisted index and black hole entropy

The topologically twisted index is the partition function on Σg × S1 with magnetic
fluxes na on Σg. In the large N -limit, it reduce to

I (∆a,na) = −π
3
N3/2

√
2∆1∆2∆3∆4

(
4∑
a=1

na
∆a

)

where
4∑
a=1

∆a = 2,

4∑
a=1

na = 2− 2g.

The entropy of magenetically charged static D=4 AdS black holes solution is

SBH = −πL
2

G4

√
X1X2X3X4

(
4∑
a=1

na
Xa

)
.

[Benini, Hristov, Zaffaroni 15]
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I-extremization

Extremizing the twisted index and the black hole entropy w.r.t ∆a and Xa,
respectively, leads to

I|∆a=∆̄a
(na) = SBH|X=X(rh) (na) .

The entropy is a function of magnetic flux.

The topologically twisted index successfully reproduces the entropy of the
black hole.

The extremization procedure

on the field theory side is called I-extremization.

on the gravity side corresponds to the attractor mechanism.

They agree even before extremization! (off-shell)
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Entropy functional

Using the toric data of C4, MV-M111

v1 = (1, 0, 0, 0), v2 = (1, 1, 0, 0), v3 = (1, 0, 1, 0), v4 = (1, 0, 0, 1),

the master volume for S7 is easily obtained as [Hosseini, Zaffaroni 1901]

V(bi, λa) =
8π4 (λ1(b2 + b3 + b4 − b1)− λ2b2 − λ3b3 − λ4b4)

3

3b2b3b4 (b1 − b2 − b3 − b4)
.

The entropy functional and R-charges are

S(bi, na) =− 2π
√

2N3/2

3

√
b2b3b4(b1 − b2 − b3 − b4)

b1

×
(

n1

b1 − b2 − b3 − b4
+

n2

b2
+

n3

b3
+

n4

b4

)
,

∆1(bi) =
2 (b1 − b2 − b3 − b4)

b1
, ∆2 =

2b2
b1
, ∆3 =

2b3
b1
, ∆4 =

2b4
b1
.
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The entropy functional exactly agrees with the topologically twisted index.

S(bi, na) = I(∆a, na)|∆a(bi).

Comments

It is the first example of the geometric dual of I-extremization.

In computing the entropy functional all we need is only the toric data.

We do not need to know the explicit metric.

Nonetheless, the existence of the explicit solutions of gravity theory and the
IR fixed point of field theory are important.
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Black holes with baryonic charge

: M 1,1,1 case

[HK, N. Kim 1904]
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AdS4 ×M 111

A homogeneous Sasaki-Einstein seven-manifold M111 is an U(1) fibration over
S2 × CP2.

It preserves N = 2 supersymmetry.

There is a non-trivial 2-cycle: b2(M111) = 1.

The bulk massless vector fields come from

the isometries of Y7

the reduction of A3 potential on non-trivial two-cycles in Y7.

They are related to the mesonic and baryonic global symmetries in dual field
theories, respectively.

The 4-form flux through this cycle gives one Betti vector multiplet which is
related to a baryonic symmetry in the dual field theory.

b2(S7) = 0 : In ABJM theory, there is no baryonic symmetry.

b2(Q111) = 2 : Q111 is an U(1) fibration over S2 × S2 × S2.
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Dual field theory

3-dimensional U(N)3 Chern-Simons theory [Martelli, Sparks 08]

CS levels (2k,-k,-k)

9 bifundamental fields

superpotential W = εijktrA12,iA23,jA31,k

SU(3)× SU(2)× U(1)R symmetry

One can assign baryonic charges (1,−2, 1).

2k

-k-k

A12,i

A23,i

A31,i

/ The trial R-charge is a linear combination of all U(1) charges. But the free
energy functional is independent of the baryonic mixing parameter δB due to the
existence of the flat directions, i.e. F = F (∆i).(
e.g. R̃[A12,1] =

2

3
+ δ1 + δ2︸ ︷︷ ︸

∆1

+δB , R̃[A12,2] =
2

3
− δ1 + δ2︸ ︷︷ ︸

∆2

+δB , R̃[A12,3] =
2

3
− 2δ2︸ ︷︷ ︸
∆3

+δB .
)

/ Chiral model : The matrix model is not working.

The long-range forces between the eigenvalues do not cancel. The free energy
is proportional to N2. [Jafferis, Klebanov, Pufu, Safdi 11]
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Operator counting

Operator counting method provides us a prescription to obtain the S3 free energy
at large N .

Step 1. Count the gauge invariant operators with the R-charge r and the

monopole charge m :
∂2ψ

∂r ∂m
[Gulotta, Herzog, Pufu 11]

For M1,1,1case, the gauge invariant operators TmA
mk1+s
12 A

m(k1+k2)+s
23 As31 satisfy

the following relations

r = m∆ + ∆1n1 + ∆2n2 + ∆3n3,

n1 + n2 + n3 = m(2k1 + k2) + 3s.

Step 2. Read off ρ(x) and y(xa) in the free energy functional F [ρ(x), y(xa)].

∂3ψ

∂2r ∂m

∣∣∣∣
m=rx/µ

=
r

µ
ρ(x),

∂2ψXab

∂r ∂m

∣∣∣∣
m=rx/µ

=
r

µ
ρ(x)

(
yb(x)− ya(x) +R(Xab)

)
.
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Step 3. Calculate the volume of the internal manifold as

Vol(Y7) =
π4

24

∫
dx̂ρ̂(x̂).

The S3 free energy at large N is written as

F = 4π
∆1∆2∆3√

∆1∆2 + ∆2∆3 + ∆3∆1

N3/2k1/2.

Maximizing F gives the correct free energy F = 16π
9
√

3
k1/2N3/2 and R-charges

Ra = 2
3 .

It can be applied to the inhomogeneous case Y p,k(CP2) where the R-charge
of the monopole operator becomes non-trivial. [HK, N. Kim 12]
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Step 4. Calculate the volume of the non-trivial five-cycles as

Vol(ΣXab
) =

π3

4

∫
dx̂ρ̂(x̂)

(
ŷb(x̂)− ŷa(x̂) +R(Xab)

)
.

the R-charges of the baryonic operators : R̃ =
π

6

Vol(Σ5)

Vol(Y )

We identify the baryonic mixing parameter δB in terms of ∆i.

δB =
1

2

∆1 ∆2 ∆3

(∆1 ∆2 + ∆2 ∆3 + ∆3 ∆1)
.

Can we interpret this as extremizing F [δB ,∆i] (if it exists) over the baryonic
mixing parameter δB???

At the extremized point, the R-charges are

R̃[A12,i] = R̃[A31,i] = ∆i + δB =
2

3
+

1

9
=

7

9
.

R̃[A23,i] = ∆i − 2δB =
2

3
− 2× 1

9
=

4

9
.
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1. Topologically twisted index with mesonic flux

In the large-N limit, the topologically twisted index can be expressed in terms of
S3 free energy as [Hosseini, Zaffaroni 16]

I (∆i,mi) =
1

2

3∑
i=1

mi
∂FS3 (∆i)

∂∆i
.

Extremizing the index w.r.t ∆i, we obtain the index and the fluxes. (We consider
∆1 = ∆3 case for simplicity.) [HK, N. Kim 1904]

I =
8π

3
(g− 1)

N3/2 ∆2
1

(
∆2

1 + 6∆1∆2 + 3∆2
2

)√
∆2

1 + 2∆1∆2 (4∆3
1 + 8∆2

1∆2 + 4∆1∆2
2 −∆3

2)
. (1)

m1 = m3 = (g− 1)
2∆1

(
5∆2

1 + 7∆1∆2 + 3∆2
2

)
3 (4∆3

1 + 8∆2
1∆2 + 4∆1∆2

2 −∆3
2)
,

m2 = (g− 1)
2
(
2∆3

1 + 10∆2
1∆2 + 6∆1∆2

2 − 3∆3
2

)
3 (4∆3

1 + 8∆2
1∆2 + 4∆1∆2

2 −∆3
2)

.

The index is independent of the baryonic flux.
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2. Black holes in AdS4 ×M 111 with baryonic flux

A consistent truncation of M-theory on M111 leads to D=4, N = 2 gauged
supergravity coupled to a Betti vector multiplet, a massive vector multiplet and a
hypermultiplet. [Cassani, Koerber, Varela 12]

AdS black holes charged under the Betti vector multiplet were known.
[Halmagyi, Petrini, Zaffaroni 13]

The entropy of a magnetically charged AdS black hole in M111 is

SBH =
4π

9
√

3

v1(9− 2v2
1 + v4

1)

(1 + v2
1)

N3/2|g− 1|. (2)

v1 is the imaginary part of the vector multiplet scalar.

The magnetic charges are P1 = − 1
2
√

2
, P2 = −

√
3(−1+v21)2

8(1+v21)
.

Setting v1 = 1, we can turn off the Betti vector multiplet.

A consistent truncation, which keeps the vectors associated with the isometry, is
not known. In other words, the explicit solution with the mesonic flux is not
known.
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A status report : Puzzle

topologically twisted black hole entropy

GMS

index I SBH

extremization

with mesonic flux eq. (1) no known sol.

X

with baryonic flux I is indep. of mB eq. (2)

X

“A particularly puzzling feature is that in supergravity the background flux for
baryonic U(1) symmetries affects the details of the AdS2 vacuum and thus the
black hole entropy. On the other hand, it seems that such baryonic magnetic
fluxes do not change the large N limit of the topologically twisted index.”

[Azzurli, Bobev, Crichigno, Min, Zaffaroni 17]
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A status report : Goal

topologically twisted black hole entropy GMS
index I SBH extremization

with mesonic flux eq. (1) no known sol. X

with baryonic flux I is indep. of mB eq. (2) X

We study the topologically twisted index with the mesonic flux and the entropy of
the black hole with the baryonic flux from the viewpoint of GMS extremization
principle.
We successfully reproduce these quantities.
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3. Extremization principle

Using the toric data of M1,1,1,

w1 = (1, 0, 0, 0), w2 = (1, 1, 0, 0), w3 = (1, 0, 1, 0),

w4 = (1,−1,−1, 3k), w5 = (1, 0, 0, 2k),

we construct the master volume for M1,1,1. MV-S7 MV-M111

Solving the constraint equation and the flux quantization conditions, we
obtain the entropy functional and R-charges of the baryonic operators.

Extremizing the entropy functional with respect to b2, b3 and b4 after setting
b1 = 1.

Once we identify the fluxes, then we successfully reproduce the topologically
twisted index and the black hole entropy from the entropy functional.
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Final results

X topologically twisted index with the mesonic flux
Reeb vector : ~b = (1, 0, b3, 1− b3)

flux identification :
n1 = n5 n2 + 2

3n5 ≡ −m1

n2 = n4 n3 + 2
3n5 ≡ −m2

one constraint on na n4 + 2
3n5 ≡ −m3

Turning off the baryonic flux gives one constraint on na.
The field theory flux is independent of the baryonic flux.

n2 +��2B + 2
3

(n5 −��3B) ≡ −m1

S (b3, na(b3)) = I (∆a,ma(∆a)) |∆a(b3)

X black holes with the baryonic flux
Reeb vector : ~b = (1, 0, 0, 1)

flux identification :
n1 = n5 ≡ 4

√
2

3 P2 (1− g) = 1
3 (1− g) + 3B

n2 = n3 = n4 ≡ 16
√

2
9 P1 (1− g) = 4

9 (1− g)− 2B

S (na) |na(v1) = SBH(Pα(v1))
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Concluding remarks

We have studied the I-extremization and its geometric dual for M1,1,1.

Since there is a non-trivial two-cycle in M1,1,1, baryonic symmetry is
important.

On the field theory side, we do not know how to include the effect of the
baryonic flux to the index. However, on the gravity side, we only know the
black holes with baryonic charges. Using the extremization principle, we can
reproduce the index with mesonic flux and the entropy of the black hole with
baryonic charge.

We hope that the extremization principles give us some hints to resolve this
puzzle.

There are many questions to be answered.

Can we apply this method to inhomogeneous Sasaki-Einstein manifolds, for
example, Y p,k

(
CP2

)
?

Dyonic black holes and the twisted indices are known. Do we incorporate the
electric charges in the variational problem?

chiral quiver, non-convex toric cones, · · ·
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감사합니다!!

Thank you!!
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Appendix



Master volume for M 1,1,1

return


