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Climbing up the RG

Goal: Study a special irrelevant deformation of  SYM𝒩 = 4

LSYM + hO8 + . . .
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Leading irrelevant (single trace) operator ( ) that preserves 
all 16 Poincaré supercharges s in .

Δ = 8
Q ℝ4

Any maximally SUSY RG flow ending on  SYM generically looks 
like this in the IR (unique).

𝒩 = 4



Hope from 2D
UV

N = 4 SYM
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LSYM + hO8 + . . .
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Generally ambiguous

How to fix the ambiguity?
What’s the UV theory?

Recently: 

Climbing up the RG in 2D:   deformation seems 
to be well-defined.

New UV behaviour?

TT̄
[Smirnov, Zamolodchikov,…] 

Universal



       Could  be somehow a ,  version of  ? 𝒪8 D = 4 𝒩 = 4 TT̄
Similar story for  SYM?𝒩 = 4



Defining O8
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• Top component of a multiplet (to preserve SUSY)

Single-trace: 

= tr


F 4 � 1

4
(F 2)2 + 2Dµ�

IDµ�ID⌫�
JD⌫�J �Dµ�

ID⌫�IDµ�
JD⌫�J + . . .

�
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Same structure in the expansion of DBI action:
q
det(⌘µ⌫ + Fµ⌫) ' 1 +

1

4
F 2 � 1

8

✓
F 4 � 1

4
(F 2)2

◆
+ . . .
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Q4Q̄4 tr�{I�K�L�M}
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• Leading irrelevant deformation is : 1/2 BPS multiplet in 
the four-index symmetric traceless irrep of 

𝒬4�̄�4105
SO(6)R



Double-trace: Q4Q̄4 tr�{I�K tr�L�M}
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= Tµ⌫T
µ⌫ +O⌧O⌧̄ + . . .
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Looks like  indeed! 

However, one does not expect the special ‘topological’ 2D 
properties:

TT̄

hT T̄ i 6= hT ihT̄ i � 1

4
hT↵

↵ i2
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In this talk: single trace version.  

The goal will not be to formulate an evolution equation for finite h.

Instead: use conformal perturbation theory.



Relation to AdS/CFT
Near horizon D3-brane 
geometry 

Low energy D3 brane 
effective action

How to make sense of the field theory side?

Closed strings in

is dual to [Intriligator’99] 

ds2 = H−1/2dxμdxμ + H1/2dxkdxk , H(r) = h +
R4

r4
, R4 ≡ 4πgsN(α′ )4

ℒSYM + h R4 𝒪8 . [also Gubser, 
Hashimoto, Klebanov…] 

Full D3-brane geometry 
(asymptotic to flat space)

Full D3 brane 
effective action

?



Outline

• The deformation on             . Off-shell classical action

• All-loop consequences of the su(2|2) x su(2|2) symmetry

• Constraints from symmetry on perturbation theory

• Integrability

• Holographic interpretation

• Conclusions

S3 ⇥ R
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The deformation on S3 × ℝ
• For ,  the map  is simply a Weyl transformation: 

full  superalgebra is preserved. 
h = 0 ℝ4 → S3 × ℝ
psu(2,2 |4)

S3

ℝ

• For ,  we can preserve a part of these symmetries (rigid 
superisometries):

h ≠ 0

SO(4) × ℝτ ≃ SU(2)α × SU(2) ·α × ℝτ SU(2)a × SU(2) ·a × U(1)J ⊂ SU(4)R

• Bosonic part contains

Isometries of S3 × R R-symmetries

•  Time translations are a still a good symmetry: generated by   H

2 copies of , with common central extension su(2 |2) H − J

psu(2 |2) × psu(2 |2) ⋉ ℝ2



• To preserve SUSY on ,  has curvature corrections 
, where  is the sphere radius.  

• Hard in general: typically this leads to an infinite expansion.

S3 × ℝ 𝒪8
𝒪(1/ℓk) ℓ

• We could find the deformation in closed form by using an off-
shell formalism by [Berkovits] [Evans] [Pestun]

• 8 of the supersymmetries linearly realized (off-shell) provided 
spinors  are constrained:νl

Per the previous discussion, in the left-invariant frame, it is redundant to keep both
the index a and ↵ on "�aa↵ as they can be identified, and similarly for the indices ȧ, ↵̇ of
the other Killing spinor in the right-invariant frame. While our frame is neither left- nor
right-invariant, we will use notations adopted to these respective frames and simply write

"�a↵ , "ȧ↵̇
�

, (C.11)

This notation can thus be read as either having suppressed the explicit spinor indices, or,
more usefully and as we will use it, as having kept implicit the frame-rotations m(L) and
m̃(R).

D O↵-shell realization

It was shown in [10, 11] that one can simultaneously close o↵-shell at most nine super-
symmetries of N = 4 super Yang-Mills.4 In general, the o↵-shell theory preserves only a
subgroup of the spatial and R-symmetry group of the original theory. Following [10, 11], we
would like to realize o↵-shell and in a linear manner the eight raising supercharges of the
rigid subalgebra in (2.5), while preserving the full rigid subalgebra.

The first step is to introduce seven auxiliary fields K` and modify the supersymmetry
transformation rules (B.12)-(B.13) to

�AM =  �M" , (D.1)

� = �1

2
FMN�

MN"� 1

2
�I�

µIDµ✏�K`⌫` , (D.2)

�K` = �⌫`�
MDM . (D.3)

Here ⌫` are seven auxiliary spinors. To ensure that the algebra closes o↵-shell they must
satisfy

"�M⌫` = 0 , ⌫`�
M⌫`0 = �``0 "�

M" , (D.4)

for each Killing spinor " we would like to preserve o↵-shell. Using that the Killing spinors
we have selected satisfy J = �1

2 , i.e.,

i�89" = " , (D.5)

one can easily verify that a solution to the constraints (D.4) is given by

⌫m̂ = i�m̂0" , and ⌫j = i�j0" . (D.6)

Recall from appendix A that m̂ = 1, 2, 3 and j = 4, 5, 6, 7. Remarkably, this 7 = 3 + 4
split preserves the full isometries of S3⇥R and the full SO(4)R ⇥U(1)J R-symmetry, if we
declare that the corresponding auxiliary fields K µ̂ transform as a spatial vector on S3 and
Ki as a vector of SO(4)R.

4More generally, one can preserve nine supersymmetries and nine special conformal supersymmetries.

22

ϵ̄ΓMνl = 0 , ν̄lΓMνm = δlmϵ̄ΓMϵ



• Bosonic symmetries in  are fully realized off-shell.

• The remaining 8 supersymmetries are realized on-shell.

S3 × ℝ

• Rename the six scalars:

Z , Z̄ , ϕa ·a

U(1)J SU(2) × SU(2) (J = 0)

• Define a superfield:

Z̄(θaα, θ̃ ·a ·α) = Z̄ − 2iϵabϵαβ Ψaα θbβ − 2iϵ ·a ·bϵ ·α ·β Ψ ·a ·α θ̃
·b ·β + …

δϵ−
Z = 0with (off-shell)

S(gYM, h) = SSYM + h∫S3×ℝ
gd4x∫ d4θd4 θ̃ tr Z̄(θ, θ̃)4 + h . c .

• Full classical action:



• Full classical action:

S(gYM, h) = SSYM + h∫S3×ℝ
gd4x∫ d4θd4 θ̃ tr Z̄(θ, θ̃)4 + h . c .

• 8 off-shell supercharges manifest, on-shell invariance for the other 8

• Integrating out auxiliary fields generates an infinite power expansion 
in .h
6 Z̄ superfield

Using the explicit multiplet as constructed above, we define the superfield

Z̄(✓�I↵, ✓
Î↵̇
� ) = Z̄ � 2i✏IJ ✏↵� �I↵ ✓�J� � 2i✏ÎĴ ✏↵̇�̇ 
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� ✓Ĵ�̇
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Î
K̂
�↵̇�̇ +Km̂(�̄m̂4)

↵̇
�̇�

Î
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Ĵ�̇
�

�
1

2
2i✏K̂Ĵ ✏⇣̇�̇
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The supercharges act as (on adjoint valued superfields, otherwise the commutator is the
appropriate gauge transformation):

Q
I↵
+  !

@

@✓�I↵
� i✏

IJ
✏
↵�
✓�J�[Z, ·] , Q+Î↵̇  !

@

@✓̃Î↵̇�
� i✏Î Ĵ✏↵̇�̇ ✓̃

Ĵ �̇
� [Z, ·] . (52)

[WP: check coe�cients of gauge transformation pieces] These supercharges satisfy
the desired algebra. [WP: check]

7 Irrelevant deformation

The irrelevant deformation now readsZ

S3⇥R

p
gd

4
x

Z
d
4
✓�I↵d

4
✓̃
Î↵̇
� tr Z̄4

, (53)

and can be constructed explicitly. It is clearly invariant under the supercharges in (52) as
the integrand is gauge-invariant.

22



Classical Lagrangian
• At leading order in , we haveh

ℒ = ℒSYM + h (𝒪8 +
𝒪7

ℓ
+ … +

𝒪4

ℓ4 )
Components of  supermultiplet105

𝒪4 = sTr (3 Z2Z̄2 − 6 ZZ̄ϕpϕp + ϕpϕpϕqϕq)e,g.

• Quantum level, need counterterms:  ambiguous!



Spin chains and Integrability
• Inspired by the 2D  deformation:

                        Fix ambiguity by Integrability?

TT̄

• Is there a choice of RG trajectory which preserves integrability 
of  SYM?𝒩 = 4

• Idea: regard the generator of time translations 
 as a deformation of the spin chain 

Hamiltonian of  of  SYM
H(g2, h)

H(g2) 𝒩 = 4

• No dilatation operator.

• Instead, ask about energy spectrum of states in the cylinder.

H

p



• e.g. at one-loop,    

•  is a deformation of this spin chain Hamiltonian. 
Integrable?

H(g2) = g2H(1) + …

g2H(1) |ZZ…XZZX…⟩ = g2(𝕀 − ℙ) |ZZ…XZZX…⟩

H(g2, h)

Scalars XXX spin chain

• In  SYM, time translation generator  is an 
integrable spin chain Hamiltonian acting on the space of single 
trace states.

𝒩 = 4 H(g2)



Symmetry constraints: single magnon

• Dynamics of a single magnon contained by triply centrally 
extended  symmetry

 

𝔰𝔲(2 |2)

{Sα
a, Qb

β} = δa
b Lα

β + δα
β Rb

a +
1
2

δa
b δα

β (H − J)

{Qa
α, Qb

β} = ϵab ϵαβ P {Sα
a, Sβ

b} = ϵabϵαβ K

H − J = 1 + 16 α(g2, h) sin2 ( p
2 )

Unfixed function of the 
coupling constants

[Beisert] 

• Energy of a single magnon fixed to all-orders 

tr (Z…Z χ Z…Z)



• The matrix structure of two body S-matrix completely fixed

Matrix partDressing phase

S(p1, p2) = eiθ(p1,p2) �̂�(p1, p2)

• Automatically satisfies Yang-Baxter equation: strong hint of 
integrability

•  factorization and stronger evidence for integrability? 
Need explicit computations.

  

n → n

tr (Z… χ1 … χ2 …Z)
Symmetry constraints: two magnons

• Only freedom sits in !θ



 sectorSU(2 |2) ⋉ U(1)

• Impractical to do perturbation theory from our action.

• Symmetry is however very powerful.

• Subsector  (analogous to the  of  SYM)SU(2 |2) ⋉ U(1) SU(2 |3) 𝒩 = 4

ϕa ≡ ϕa ·1 , ψα ≡ ψα ·1 , Z

•  admits a double expansion in  and , but from an abstract 
symmetry point of view they are on same footing.  

• A term of order  loop order.  

H(g2, h) g2 h

𝒪(g2ihj) ↔ 2i + j

a = 1,2 , α = ±



Constraining  from 
symmetry

H

• Symmetry constrains the action of generators of  
on spin chain states.

SU(2 |2) ⋉ U(1)

so that we can infer that T (�) =
P

k
Tk�k is given by

T0 = H0

T1 = H1

T2 = H2 +H1

✓
| nih n|

E1 � En

◆
H1 + �(1)

il
H1|�lih�i|+ �(1)

kj
|�jih�k|H1

(18)

The wavefunctions �(k) remain undetermined. I think we may set them to zero to obtain a
further simplification. The conclusion is that in what follows we will be actually determining
T and consider only transitions that preserve the classical dimensions.

One may ask why is this operator still a good local operator on the spin chain:
for example consider the second term of (18) for T2: if H1 is a local operator on the
spin chain then I can consider the action of each of H1 at di↵erent and distant
sites on the spin chain. A: This should not matter, after all in perturbation
theory ”disconnected” diagrams on the spin chain (i.e. diagrams a↵ecting distant
groups of sites) also show up at higher loops. In our case, even if I consider the
original H, then time evolution eiHt will also produce disconnected pieces. So it
should be fine to consider only the connected parts of T .

3 Constraints

Let us consider the most general form of the generators compatible with symmetries and
Feynman graphs. We use the notation of [?] and consider the symbols

�
A1...An

B1...Bm

 
(19)

to represent the tensor structures. At a given order k in perturbation theory the generators
should be of the form

Jk ⇠
�

A1...An

B1...Bm

 
, with n+m = k + 2 (20)

Finally, we will not impose parity for the moment.

3

�
1234
4321

 
|1341234134i = |1344321134i (1)

[H, J↵] = eng(J↵)J↵ , [�H, J↵] = 0 . (2)

where eng(Q) = �eng(S) = 1
2 . Finally,

{S↵
a, Q

b
�} = �a

b
L

↵
� + �↵

�
R

b
a +

1

2
�a
b
�↵
�
((H0 � J) + �H) . (3)

1 Comment on conservation of classical dimension

We will use that the Hamiltonian preserves the classical dimension,

[H0, �H] = 0 . (4)

Generally, �H, as obtained from the Lagrangian, might mix operators with di↵erent classical
dimensions. However, we want to argue now that we can consider only the mixing among
operators with the same classical dimension if we are just interested in the energy shifts at
loop level.

Let us consider that we have a k�fold degenerate set of states with a given classical
dimension E1.

H0|�ii = E1|�ii , i = 1 , . . . , k (5)

Additionally there are other states with di↵erent classical dimension En,

H0| ni = En| ni (6)

which can be also degenerate. Now we turn on interactions,

H = H0 + �H1 + �2H2 + . . . (7)

We can bring the Hamiltonian to a block-diagonal form where each block is characterized
by its classical energy. The block with energy E1 is obtained by solving the problem

(H0 + �H1 + �2H2)|�i(�)i = Hij(�)|�j(�)i (8)

where the states |�i(�)i will generally be given in terms of a combination of the full Hilbert
space states {|�ii, | ni}, namely,

|�i(�)i = |�ii+ �
⇣
�(1)
ik
|�ki+  (1)

ip
| pi

⌘
+ �2

⇣
�(2)
ik
|�ki+  (2)

ip
| pi

⌘
+ . . . (9)

We are interested in computing the corrections to the classical dimensions,

Hij(�) = E1�ij + �H(1)
ij

+ �2H(2)
ij

+ . . . (10)

1

e.g.

• By compatibility with planar Feynman diagrams:  at a given 
loop order , the generators take the formk

2 Constraints

Let us consider the most general form of the generators compatible with symmetries and
Feynman graphs. We use the notation of [?] and consider the symbols

�
A1...An

B1...Bm

 
(16)

to represent the tensor structures. At a given order k in perturbation theory the generators
should be of the form

Jk ⇠
�

A1...An

B1...Bm

 
, with n+m = k + 2 (17)

Finally, we will not impose parity for the moment.

2.1 Tree level

At tree level, the generators take the form

Ra
b = c1

�
a

b

 
+ c2�

a

b

�
c

c

 

L↵
� = c3

�
↵

�

 
+ c4�

↵

�

�
�

�

 

Qa
↵ = c7

�
a

↵

 

S↵
a = c8

�
↵

a

 

H0 =
�

a

a

 
+

3

2

�
↵

↵

 
+
�

Z

Z

 

J =
�

Z

Z

 
+

1

2

�
↵

↵

 

(18)

There is a nontrivial solution to the commutation relations,

c1 = 1, c2 = �
1

2
, c3 = 1, c4 = �

1

2
, c8 =

1

c7
(19)

which already looks less constraining than the su(2|3) case.

2.2 First order

At first order, the Hamiltonian cannot be corrected as there are no possible index contrac-
tions. The generators Q and S can have corrections at this order,

(Q1)
a
↵ = c10✏↵�✏

ab
�

�

bZ

 
+ c010✏↵�✏

ab
�

�

Zb

 
(20)

(S1)
↵
a = c11✏

↵�✏ab
�

bZ

�

 
+ c011✏

↵�✏ab
�

Zb

�

 
(21)

The relations

[Q1, J ] = �
1

2
Q1 , [S1, J ] =

1

2
S1 , {S,Q} = . . . (22)

seem to be automatically satisfied and do not impose constraints on c10, c010, c11, c
0
11.

3

A1 A2 A3

B1 B2 B3

J4

• The invariant tensor structures can be parametrized by the symbols



One-loop results
• By imposing closure of the algebra (and parity) we find at one-

loop:

In addition we can also impose the (second order) relation

{(S1)
↵
a, (Q1)

b
�}+ {(S2)

↵
a, (Q0)

b
�}+ {(S0)

↵
a, (Q2)

b
�} =

1

2
�a
b
�↵
�
H2 (30)

and this requires,
d4 = �d1 (31)

At the end of the day we get the following Hamiltonian,

H2 = d1(
�

ab

ab

 
+
�

↵�

↵�

 
) + (d01 � d05 + d1)

�
a�

a�

 
+ (�d01 + d05 + d1)

�
↵b

↵b

 

� d1(
�

ab

ba

 
+
�

a�

�a

 
+
�

↵b

b↵

 
�
�

↵�

�↵

 
)

+d01
�

Z�

Z�

 
+ (�d01 + 2d1)

�
�Z

�Z

 
+ d05

�
Zb

Zb

 
+ (2d1 � d05)

�
bZ

bZ

 

�d1(
�

Zb

bZ

 
+
�

bZ

Zb

 
+
�

�Z

Z�

 
+
�

Z�

�Z

 
)

(32)

so that the bosonic part reads

H2 = d1(
�

ab

ab

 
) + d4(

�
ab

ba

 
)

+d05
�

Zb

Zb

 
+ (d1 � d4 � d05)

�
bZ

bZ

 

+d4(
�

Zb

bZ

 
+
�

bZ

Zb

 
)

(33)

2.5 Imposing parity

Now let us impose parity
PHP�1 = H (34)

where the conjugation by P of a symbol
�

...

...

 
is given by

P
�

A1...Am

B1...Bn

 
P�1 = (�1)n+m+fA(fA+1)/2+fB(fB+1)/2

�
Am...A1

Bn...B1

 
(35)

where fA and fB are the number of fermions in {A1, . . . , Am} and {B1, . . . , Bn} respectively.

Imposing parity symmetry gives rise to the further constraints,

d05 = d01 (36)

which brings the Hamiltonian down to

H2 = ↵2
1(
�

ab

ab

 
+
�

a�

a�

 
+
�

↵b

↵b

 
+
�

↵�

↵�

 
�
�

ab

ba

 
�
�

a�

�a

 
�
�

↵b

b↵

 
+
�

↵�

�↵

 

+
�

Z�

Z�

 
+
�

�Z

�Z

 
+
�

Zb

Zb

 
+
�

bZ

bZ

 
�
�

Z�

�Z

 
�
�

Zb

bZ

 
�
�

bZ

Zb

 
�
�

�Z

Z�

 
)

(37)

There is only one global constant.

5

• One overall unfixed constant (coupling definition).

• It matches the familiar one-loop result of  chain of 
 SYM: symmetry enhancement

SU(2 |3)
𝒩 = 4

• So this implies one-loop integrability (same as  SYM)𝒩 = 4

H1−loop



Two-loop
• Calculations more involved but doable.

• Closure of  algebra + hermiticity + parity:              
fixes  up to 10 real parameters. 7 of them correspond to change 
of basis/vanish on cyclic states. Finally, only 3 are left. 

• Imposing dispersion relation (or using central extensions), fix 1 of them.

• Only 2 parameters left: they are related to the freedom of redefining 
the coupling.

SU(2 |2) ⋉ U(1)
H2−loop

• Same enhancement and get back the  of  SYM, so 
integrability guaranteed again.

• Three-loop technically much more involved.

SU(2 |3) 𝒩 = 4



Long-range integrable spin chains
• Restricting to  subsector, is there a long-range 

integrable spin chain different from the  case?
SU(2 |2) ⋉ U(1)

𝒩 = 4

• For the simplest case of  spin chain (XXZ spin chain), 
Beisert, Fievét, de Leeuw, Loebbert found a large class of models:

U(1)

exp(ip(uk)L) = ∏
j≠k

exp(−2iθ(uk, uj))
sinh ℏ(uk − uj + i)
sinh ℏ(uk − uj − i)

θ(uk, uj) =
∞

∑
s>r=2

βr,s(qr(uk)qs(uj) − qs(uk)qr(uj)) +
∞

∑
r=2

ηr(qr(uk) − qr(uj))

Arbitrary parameters

• XXZ spin chain is a closed subsector of . In our 
case, . For XXZ, ample freedom is left.

• Study should be repeated to the full 

SU(2 |2) ⋉ U(1)
ℏ = 0

SU(2 |2) ⋉ U(1)



BPS spectrum
• In  SYM, symmetry enhancement  

generally comes from adding Bethe roots at infinity ( ).
𝒩 = 4 SU(2 |2) → SU(2 |3)

u = ∞

• We expect dressing phase to break the symmetry (at sufficient 
high loop order), and so adding a Bethe root at infinity is 
expected to produce a different solution (different energy)

• From XXZ analysis, scattering of 2 roots at  is trivial.

• Prediction: old BPS states of  SYM, must remain protected 
when the deformation is turned on

• Seems to be compatible with the analysis of the superconformal index

u = ∞

𝒩 = 4



Holographic interpretation

• A natural setting are the bubbling geometries of Lin Lunin 
Maldacena (LLM).

• LLM geometries describe the backreaction of additional D3 
branes (giant gravitons) in global . The extreme UV 
asymptotics are always .

AdS5 × S5

AdS5 × S5

• LLM are fully determined bu prescribing  boundary 
conditions on a 2D plane: bicoloring of the plane

±1/2



LLM picture for AdS5 × S5

Simplest non-trivial LLM geometry with 
 isometryU(1)J

R1

R2

 
h
l4

∼
R2

2

R2
1

• Integrability of the sigma-model on this background? 
Chervonyi & Lunin’s analysis shows that massless geodesic 
equation is not separable.



Outlook

• Higher loop and more systematic analysis of  spin 
chains

•  integrable spin chains different from the  case? 
Which RG flow would it describe in the field theory side

• Relation with LLM, regardless of integrability

• Other geometries: , .

• Integrable backgrounds with 16 supercharges, other than ?

• Double-trace version.

SU(2 |2) ⋉ U(1)

SU(2 |2) 𝒩 = 4

ℝ4 S4

AdS5 × S5



Thank you!


