Stochastic Processes in Biophysics (2017 Stat. Phys. Winter School)

Nonequilibrium Statistical Mechanics,

NONEQURIBRILM

Robert Zwanzig (2001) Oxford Univ. Press STATISTICAL

MECHANICS

| - {Langevin eqn (low vs high friction)
z ' Langevin simulations (particles, polymer) Project 1 & 2
- ’Non-Markovian Langevin eqn. and FDT

- {Fokker Planck eqn.

}: y ‘ First passage time problem (Survival prob. FPT distribution, MFPT)
- Kramers’ rate (Escape rate from metastable state)

- Diffusion in a rough potential

- Dynamical processes in the presence of sink (Wilemski-Fixman formalism) 1g923.0014
- Effect of dynamic disorder on rate processes.
- Theory for force spectroscopy (Bell, Evan Evans, Dudko, ... Hyeon)

- Detecting dynamic disorder using force spectroscopy (dynamic disorder revisited)
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| angevin Equation
&

Simulations



Langevin equation

mi = —(x + &(1)




Langevin equation

mi = —(x + &(1)

mv = —(v + &(t)

1t
v(t) = e_(g/m)Xtv(O) + — / dTe_(C/m)x(t_T)g(T)
m Jo

2B { 4
<(U(t))2> 26_2(C/m)Xt<(v(O))2>+W/O dTl/O d7-26—(C/m)(2t—7'1—72)5(7-1_7-2)

<(U(t))2> _ 6—2(C/m)><t<(v(0))2> | ;B; ;ré(l . G—QC/mxt)

(v?(00)) = —— B =CkgT
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Langevin equation

(&(t)) =0

maxr — —Cdi + f(t) <f(t)€(t/)> — QCkBT5(t — t/)

1 t
v(t) = e—(C/m)xtU(Q) / dTe_(C/m)X(t_T)g(T)
m Jo

\/6[. Corr. )

<v<t>v<0>> = X (u(0))2) — 0 (1> 7

/ ds, / dsa(v(s1)0(s2)) = Bh((B2(t))?) = / ds(u(t)u(s))

HW 1: 1. do this algebra
2. show this explicitly using Langevin simulation

v
2

— (1 ety (’Uo - kBT) + 27 (t -z- 6C/m)>3 2Dt




Ans1 | angevin equation

&(t) =0

mi = —Cx + £(t) (ER)EWX)) = 2CkpTo(t —t)

v(t) = e~ (&/mM) Xty () / dre= (&/m)I*XE=T)¢ (1)
m
/dSl/ dSQ 81 82
— B (g=Clsi=sal/m _ o=C(s1+s2)/m
t t — € €
ds1 / dsye™ (/152 ((1(0))?) %( )
0 0
t
+$ | s / dss / i [ dryen €I () ()
0

min(si,sa)
=% (1—6_(C/m)t 12y 2</~cBT/ d31/ dSQ@ I o (C/m) (51452 — zf)j

77522 (1 — e (¢/m)t)2 (’Uo _ ’@T) 4 2’@_T (t _ T(1 — eC/th)) — 2Dt




I_a | |

(m/¢)

X: €t &(t)) =0
E@)EE)) = 2¢CkpTo(t —t')

z(t) = &£(1)/¢
:%/Otdfg(f)
L [
QkBT/ dT/ dr'5(r — 7')

= 2Dt




Langevin Simulation (at low friction, ¢t/m < 1: MD)

dU({x})
dx.

l

mi, ==Cx +F (O)+T()=F@)  F.@o)=-

(Li(t)) =0 (Ti@)T;()) = 2CkpTo:;6(t — 1)

Algorithm ¢=005mz,’ L,
F(t 7 VT
i )h2 h=0.00257, P exp( 4Ck,T /h)

position: x.(r +h)=x,(t)+ x,(t)h +

velocity: xi(t+h):(1—£j(l—ﬁ+ h—) ]xi(t)
2m 2m 2m




()

x(t+h)=x0)+5Oh+=—=h"  position Verlet algorithm
©i(t 4+ h) = @;(t) + & (t)h + h2 velocity (der|vat|on)
e 2m mi, =—Cx, + F, (t)+T,(t)= F(1)
i(t) = — (1) + — (Fielt) + T3(0))

E@:%@W+m—m@)

= (Gt )+ Fiolt + h) + Ty(t 4 h) + Ci(t) — Fio(t) — T(8))

v

Ti(t + h) = 2;(t) — %xz(t) + %(cm(t) +1'(t))

4 % (—=CZi(t+h)+ Fio(t+h)+Ti(t+ h) 4+ (xi(t) — Fio(t) — Ty(t))

(1 + C—) Ti(t+h) = <1 - C—h) i (1) + Qi (Fie(t+h)+Ti(t+h)+ Fi(t) +T5(t))

m

Xt +h)= (1—%)(1—%+(%)2)5@(0

+i(1—£+(£) ][F;C(t +h)+1.(t+h)+ F C(t)+1“l.(t):| + -
2m ’ ’

2m



#include “header.h”
#define halfh h/2.0
#define vfact h*(1l.0-zeta*halfh)
L. #define ffact h*halfh
Code for low-friction LD #define auxl halfh*(1.0-h*zeta/2.0)
#define aux2 (1.0-h*zeta/2+(h*zeta)*(h*zeta)/4.0)/h
extern void rforce(), force(), update();

void iteration(){
main(){ int 1
T for(i=1l;i<=L;i++){
|n|t|a||ze(); C[i].Dx=vfact*C[i].vx+ffact*C[i].£fx;
—0N. C[i].Dy=vfact*C[i].vytffact*C[i].£fy;
Step_o’ C[i].Dz=vfact*C[i].vztffact*C[i].fz;
while(step<stepsim){ C[i].x=C[i].x+C[i].Dx;
. . ] C[i].y=C[i].y+C[i].Dy;
|terat|0n(), C[i].2z=C[i].2z+C[i].Dz;
stept+; !
rforce();
} force();
} for(i=1l;i<=L;i++){
C[i].vx=aux2*C[i].Dx+auxl*C[i].£fx;
C[i].vy=aux2*C[i].Dy+tauxl*C[i].fy;

C[i].vz=aux2*C[i].Dz+auxl*C[i].fz;

}

record something();

)
%+ 1) = x.(0) + 5 (Oh + 2L
2m

x.(t+h) :( —%)( —%{%TJ&-(U

h[l_hg (3 )][ <r+h>+rl-<t+h>+ﬂ*””f(”ﬁo((f_g)j

2m 2m m



Code for low-friction LD

main(){
initialize();
step=0;
while(step<stepsim){
iteration();
step++;
J
J

void rforce(){
double var;
var=sqrt(2.0*temp*zeta/h);
for(i=1l;i<=L;i++){
C[i].fx=var*gasdev (&mseed);
C[i].fy=var*gasdev (&mseed) ;
C[i].fz=var*gasdev (&mseed) ;

}
}

ga — \/QC];LBTN(Ov 1)




Langevin Simulation (at high friction, ¢t/m > 1: BD simulation)

dU({x})
)( Li+F. (O)+T,0=F@  H&O)=="—"
(Ts(t)) =0
— X, =F () +T,(1) (T; (DT (¢)) = 2CkpT6;;6(t — t')
Algorithm »
- ¢ = (50— 100)mt;
position: , Jy = O.OZTL
l’i(t -+ h) — xz(t) + (Fijc(t) + Fz(t))z Flg
P~ eXp(_ 4CkT /hj
<(5x)2> — ol Ty : Brownian time
;iNk_T _Ca®  ((ri/mxe)  [¢(rn/m)e
t. a T ksT  ksT | ksT |t




void iteration(){

Code for high friction LD for (i=1;i<=L;i++){

C[i].x=C[i].x+C[i].fx*h/zeta;

(BD) C[i].y=C[i].y+C[i].fy*h/zeta;
C[i].2=C[i].z+C[i].fz*h/zeta;
}
. rforce();
nﬂélb(){. force();
|n|t|a||2e(); record something();

step=0; }

while(step<stepsim){ _
e(arepes o(t+h) = 2(t) + £(0)/C x b
step++;

J

} void rforce(){
double var;
var=sqrt(2.0*temp*zeta/h);
for(i=1l;i<=L;i++){
C[i].fx=var*gasdev (&mseed);
C[i].fy=var*gasdev (&mseed) ;
C[i].fz=var*gasdev (&mseed) ;

}
}

¢ =/ 252 0,1




Single particle

o Uini(n) =0
— translational motion only

Many particles (Lennard-Jones fluid)

U, (70 =Y e(@/r ) -20 /1 )°)

i<j

Alder, B. J. & Wainwright, T. E.

Phase transition for a hard sphere system.
J. Chem. Phys. 27, 1208-1209 (1957).
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Project 2

1.0

Simulate and obtain Z()
C(t) = (V) - VO)/ (V) "

0.01 0.1 1 10

FIG. 1 (color online). A plot of the velocity autocorrelation
function Z(7) versus log7 (symbols are defined in the legend),
calculated from one component hard-sphere molecular dynamics

and ShOW simulations of fluids at various volume fractions ¢ = (volume
of all the spheres divided by the total system volume). For ¢ =

C (t) — t_ 3 / 2 0.45 the VAF becomes negative, so in order to expose the long-
time behavior, double logarithmic plots of |Z(7)| are needed (see
Fig. 2).

(hydrodynamic tail)

and discuss freezing volume fraction
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Dimer —bond stretching

O-0

k

U, 15) = (1, =)

rio = (21— 22)2 + (y1 — y2)? + (21 — 22)?

f - 8U - dU d?“172
LT (%1 N d?“1,2 d:l?l
— —kr(’l"LQ — CL) (xl _ 132)




Trimer

—bond stretching, bending

a a Uint(71,72,73) = Ubond (71,72, 73) + Ubend (71,72, 73)
e e ig ) oL k
Ubond (71, 72,73) = [(7“1,2 — CL)2 + (7“2,3 — GJ)Q}

_r
2
I . . BICRRE
Ubend (F1, 72, 73) = —ka(fi1,2 - Ni2,3) = —kg e = —ky, cos 0 & kq62 /2 4 const
71,2|[72,3)
fro= _6’Ubend . (_ (ilfs —f2) n fl,z;l?,g (582_)— :Cl))
0x1 !7“1,2 !7“2,3 !7“1,2 \7“2,3 \7“1,2
~ OUpena (r2 — 1) 2723 (T3 — T2)
fS,x — — _ka 5 = - 15 - 5 5
Ox3 T12l|m2,3]  [T12l[res]? T2
OUv end
f2,a: — P == = _fl,x — fS,x
X2

|7

k
(%1 — a)’ + ?9(9 -6, )’



T — ¢ (dihedral angle)

Eg(llﬂ—a) +2—(9 -0,) +2K(1+cos(n¢ 5))

—bond-stretching, bending, torsion



Polymer (N>>1)

’ ZN:,{ ) Gaussian chain (random flight chain)
(7)) = &~ (i1 —a) Freely jointed chain (k. > 1)

N o N—2
Uint ({75 }) = Z ?T(Ti,z’—l—l —a)® — Z EaTiit1 * Tit1 it2
i=1 i=1

Semiflexible chain

N

U_({F}) :ig (1 0y — @)’ +Z > s( - ] Self-avoiding chain

i=1 j=i+l
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Code for simulation

main(){
initialize();
step=0;
while(step<stepsim){
calc_force();

calc_random_force(); calc_force(){
position_update(); bond);
step++; angle();

) torsion();

)

L))

electrostatic();

)

*—a
anchor \)\ a 7
N /:) A ;/',’\_".*'_.-.-.-.- - e QXIS
< ») -
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attraction (A)  repulsion (R)

= . kr 2 ‘
Un @7 = 2,270 = @)
=1

A<<R A=R A>>R
Good solvent <“<—— > poor solvent

0.58
RG ~ N RG ~ N1/2 RG ~ N1/3



Gaussian Phantom chain

Flexible polymer at O-condition W N =300

= : kr 2
Un {7 = 2,2 (0 = @)
=1
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Flexible polymer in good solvent (SAW) N =300

-k
Ui (7)) = 2, =

: S A
Vi —a) +8122 —

i=1 j=i+1\ 1ij )

\12

Monomers are mutually repulsive.

?n I l I I 1 ’

“TKT ]

05 —
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) Se400 le40Y] |.5e+07 2e407

100

50

) ! ! u
0 Se+06 le+07 1.5e+07 2e+07

L

Mi‘ﬂﬂu %M . e R R é&“ﬁ%‘w
Y

S5e+06 le+07 1.5e+07 2e+07

{



Collapse of flexible polymer in poor solvent N = 300

Umt({”}) 2—(Fll+1—a) +e ZZ (g) _2[2)

. —— i=1 j=i+l ri,j ri,j

U kT | Monomers are mutually attractive.

R T B I
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Collapse of semiflexible polymer in poor solvent

k,

Uint({"?i})zszvzl —1?(7“z‘,i+1 Z koTi i1 - Titlit2 + Y Y €n 0/7“2 j 2(0/7“7;,]-)6}
1=1 3=143
k. = 80kpT/a’
{\.J‘/ TN f’w - __,,“.,.z«-f"/ﬁ k@ — 40k BT
€EhL — 1.5/€BT
20'00= | | 1 | | | 1

C |
0 S5e+06 le+07 1.5e+07 2e+07 2.5e+07 3e+07
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“Design” biopolymers, ...a protein

U, = z:K,,(r—ro)2 + 2 K9(9—90)2 + Z K¢(1+cos(n¢—5))

bond angle torsion
2 2
T Z K,(9-0,) + 2 KUB(”L?S_’"L%) T 2 K¢(1+COS(”¢_5))
improper Urey— Bradley torsion
[ 12 6 ] Vol N 12
q:4; 0] o) — 0
e IEA I RN o] K
nonbonded 472:87.1]’ ’/;'j rij i=1 j=i+l ri,f
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Project 1

Q: Scaling relation of the mean looping time with the
length of polymer? (Theory & Simulation ?)

7~ N
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Non-Markovian Langevin eq. - Memory effect
mv = —Cv — U'(z) + £(t)
—Cou(t) — —/_ drK(t — T)v(r) = — /OOO dr K (T)v(t — 1)

U(z) = (1/2)mw?z? T =p/m
p = —mue — C(p/m) + Fy(t)  p(—o0) =0

kT
(Fy(6)Fy(t')) = 2k To(t — 1)

mw?

<x2>eq —

p(t) — /_t dre=(CIm =) (Lmu20(7) + F(7))
(t-7) Fo (1)
i(t) = _/O drK(r)x(t —7) 4+ F, (1)

(Fa(OF(t)) = "2 e<I=t1/m = (o) K (it~ ¢])|  Show !!




(Fp(t)Fe(t')) = <372>6<1Kv(‘75 —t'])

Lot (¢ m (=) o= (CJm) (=
i [ dndre e ) ) ()

2CkpT
C B / / dTld’TQ@_(C/m)(t_'_t I 7-2)(5(7'1 —7'2)

min (t,t
QCkBT/ (t:4) —(¢/m) (b4t —27)

> dre
m — OO

2CkpT me_(C/m)(t—l_t/_Qmin (t,t") _ ’ZCBTQ—CPf—t’Vm

m?  2( m
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Markovian system of equations

(F,(0)Fy(t') = 2CkpTo(t — t)

removal of fast variable, reduction of dimension
(or projection)

v

non-Markovian

2 kBTe—C|t—t/|/m 2kpT

>

: o(7) m bt /m>1 ©

Markovian



Oa(t)
Ot

= L -a(t)

L=PL+(1-P)L

Method of projection

operator (Mori-Zwanzig t
formalism) etﬁ — et(l_P)L _|_/ dse(t—s)ﬁ]_)ﬁet(l_P)ﬁ
0
DA(t

5 ) = 1QA(t) — /0 dsK(s) - A(t —s) + F(t)

(FOF(t') = K(t —1') - (AA)eq

33



Operator algebra

{
L :et(l—P)[,_I_/ Jeo(t=9)Lp pt(1-P)L
0

2= (A+B) " ={(z-A)[1 - (= A) ' B}}"
=1—-(z—A)"'B (-4
14+ (z—A)"'B+(z-A)"'Blz-A)"'B+--](z—A)"!
(z—A) '+ (z-A)"Be-A) '+ (:-A)"'Be-A)"'Blz-A)""+--
—(z-A) '+ {z-A) '+ (z-A)'Bz—A) 1 +... 1Bz — A}
(

r—A) '+ z—(A+B)] 'B(z— A)7!

4
H(A+B) :etA_I_/ T (t=5)(A+B) 3 tA
0
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-okker-Planck equation



in phase space  dip(x,t) + Vy - (kp(x,)) =0

(’9]" 0 . A f=f(,t) /thdF_l
o (L) = B
Lt I'=(q1, G-, AN P1s D2y - - DN)
| Faf — 0 Z > Z(@? 82H>_0
t 0q;0pi  Opidai)
0 for Hamiltonian system V=0

Liouville theorem

Phase space density is constant along e {¢}, {pV)= (01, ¢, ...,
the dynamic trajectory in phase space

i _or oo
dt | Ot or
_ D

Liouville equation

t —

df ({a},{p},1) &f of dg; of dp; _
dt Zaqz- i Zap at f(I,t) =e ﬁtf(F,O)




Fokker-Planck equation a(t) - p(a, t)

stochastic prob. density
variable
oia(t) = v(a) + F(t) (F(t)) =0 (F@OF()) =2Bs(t—t)

Oip(a,t) + 0a - (ap(a,t)) = 0 : continuity equation

Ja - (v(a)p(a,t) + F(t)p(a,t)) =0
Lp(a,t) = —0a - (F(t)p(a,t))

+ +




Fokker Planck equation (7, p) > p(z,p,1)

dU (x) T =p/m
dr $(t) p=—C(p/m)—dU(z)/dz + £(t)

mx = —(x

Oip + 0. (p) + 0,(pp) =0 : continuity equation

Oup + Oz(p/m x p) + Op(=¢(p/m)p — (dULx)/dx)p) = =0 (E(1))

Orp + Lp = —0,(£(1)p)

/\/ t EE(T) = 2CkpTo(t — 7)
It O)—/O dT@L(tT)ﬁ(T)apPW

p(x,p,t) =e ~"p(z,p,

t ‘=
Op + L5 = /O dre "¢ E(T)a2p(T)

0,p = CkpTd>p + 0, (Cp dU(CE)) 5| — 0, (%ﬁ)

m dx
38 Klein-Kramers eqn.




Fokker-Planck equation T - p(x, 1)

1dU@) | €

( dx G
op+ 0:(p) =0 : continuity equation

€T =

kT

B ) 1 dU(x)
O¢p = Taxp+5a: <C . ,0>

?p 0 (U'(x)
atp_Dé?xQ | 8x(

>
C Sm0|UChOWSki equation

7 = Jdiff + Jadv Jaig = —DO,p
Jadv — VP
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SUMMARY of Fokker-Planck eqgn.

dU (x)
dx

Klein-Kramers eqn.

i dU
0,p = CkpTd;p + O (is | d:(f)) p| — 0z (%ﬁ
x,:_ldU(x) | §(¢) — p(z, 1)

G dw G

Smoluchowski equation

07 0 (U'(x
Oip =D - ( ()P>

0xr2  Ox



Survival Probability, S(?)
First Passage time distribution, Prp(t)
Mean first passage time, = /O ) tPrpr(t)dt

Kramers Escape Rate Theory

dS(t)

Prpr(t) = g

S(t)=1— / t drPrpr(t)  S(0)=1 S(c0) =0

- /O " Pepr(t)dt /O Syt
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(9,5P(a, t, a())

S(t;ag):/ daP(a,t;ag)
1%

/ dtS t a()
0

-

:/ dt/ dad(a — ag)
0 1%

/Vda(sa—ao (/ dt (etﬁFm))

— EFPP(a

9 ta aO)

/ dt/ daewFP5 (a — agp)
1%

t[,T

FP]

V/ (absorbing
boundary)



Lrp = DO, e PUEG PUME)

£h = DePU g, PUG) g,
DePV @) g e PV H 1(z) = —1

e—BU@)aﬂ( ) — e PUa) g 2T (X)] 2=

b
1
T(b) — 7(x) = —/ dyﬁeﬁU(y)

D(82 + Bo,U'(x))

= D(92 — BU (2)0,)

h




L:;"P(a@) = —1

Lip = DePP®o,e Vg, — D92 - U (2)0,)

OV (absorbing
boundary)

OlBS. B.C.

27T]‘€BT 665(]1

TKR —
Dmw; swq




Kramers Rate

L — Ap—0U*/kpT

kBTe—ﬁ(SUi
h

krsT =




Kramers equation (high friction) 0,0 = D0.(0, + BU'(z))p = —0.j

j=—-—D(0, + BU'(x))p = —De_BU(f)é’xeBU(x)p

. i pa,t) =~ 0
J U U(b |
dxeﬁ (z) — oBUG) ,(p) — BU (@) L
-5 p(b) — "7 p(x) J = Jss
i [ ’ ’
5/ dye_BU(y)/ dzePU ) :/ dxp(x) = N
a Yy a
j=N/T
U kT > 1
1 T b 27TI‘CBT i !
1 —BU(y) BU(z)  — eV
D/a, dye /y dze metswo b
| WisWo _ g5yt = ——
flux-over-population k KR = > e poU G

277y
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Kramers Escape Rate Theory £ ksT _gsu
(noise-induced transition) R
ntermediate-to-high damping (IHD) ho coupling to bath
(2 1 o WisWQ _ asyrt
\/l + wiy — 1 0 _—pau? S e PV
4 2| 2mwis Qs /7 K 1 27'("}/
kkRr =
very low damping (VLD)
vI(Fs) < kT
V(x)
\__ wo ’YI(Ets)e—an/kBT
27 ]CBT i
AV
x4 v
|p—————————— — — — — — TST A *
B
modercie-fo-
strong dameing  ramers, Physica (1940) 7, 284
-~y —a |/y Grote & Hynes, J. Chem. Phys. (1980) 73, 2715
O T~ Hanggi, Talkner, Borkovec, RMB (1990)
weak damping Y /wy

Separation of time scale (or thermal equil. at A) should be ensured 5Ui/kBT > 1



Klein-Kramers eqn.

0rp = —(p/m)0rp + U'(2)9pp+ CkpTO,((p/mkpT)p + dpp)

—,CO,O CkBTﬁpPeqap(p/f)eQ)

_ 6—(2 +U(ﬂ7))/kBT/Q \ c
g(E;t) = /d:ﬁ/dpé (x,p) ' :

E)p(x,p;t) p ,
0 0 g(E,t) \B

0u9(E.0) = 5 DE)u(B) 2 (2,1 =0) e
cf. Owp(z,t) = 0, D(x)e PV 5, eV @) oz t) PUE) = kst Jdx [ dpd(H — E)
b BU() [ :2ngdem\/E Ul(zx)
7'(x):/aC dy D () /a dze PU ) m [ds \/m
_ CkTI(E) (dl(E)) !
be / 1 o Ck ;7} W .
rB) = [ s [ B () = <ol o

_ zﬂkaT 1 BBEC . k,VLD wWo ")/I(Ets)e_ﬁ(;(]i

¢  wol(Ec) KR = on kgT




Extension of Kramers’ Theory to Multi-dimension

det F*Y

k=—
2T

o]

1/2

exp(—BF*(f))

flux-over-population from

multi-dimensional Fokker-Planck eq.

J. S. Langer Ann. Phys. (1969), 54, 258

a2FSA
F=F"+- Z U = m)

Ay deterministic growth rate
at the saddle point
(Largest eigenvalue of
Matrix Me)
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e.g. Hyeon, BKCS (2012) 33, 897

rear=—r o= o

X X
2 2
p
H(x = —= 7
(T, Y, Pxs Dy) o T o
. OH oOH
T = _
Opy dpy
OF oH
Px = mCaca:px % Ca:aca—px - 5
oF a_H oOH

i 00 —1 0
g | 00 0 -1
P | | 1 0 Go O
Dy 0 1 0 ¢




Another important condition for Kramers’ theory

A | detF™
__pi[H(x Y (ﬁ)z}_ [(ﬁ)_ J 2 p=
Fexy) F[z( 3?> BlZ) T \Z)0p 27z | |det )|

X X X

1/2

exp(—BF*(f))

“The saddle point” should be well defined.

Hyeon, BKCS (2012) 33, 897
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Proc. Natl. Acad. Sci. USA

Vol. 85, pp. 2029-2030, April 1988
Physics

Diffusion in a rough potential

ROBERT ZWANZIG

V(x)

x b
1 / dye—PUW) / 1. BU(2)
D/, .

x b
1 / dye—(Us(4)+50) / 7 oBUo(2)+6U)
D/, ,

1 X b
~ /a dye—BUo (W) (o= BOU) /y d2ePU0(2) ((BOU)

D — D = D<e_B5U>_1<e+55U>_1 ~ De B {(6U)?)

D>I< — De—(&‘/kBT)Q
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27T]€BT

€
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€
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€
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Dynamical processes in the presence of sink - Wilemski-Fixman formalism
J. Chem. Phys., (1973) , 58 , 4009; ibid (1974), 60, 886
3¢({Tz}» t)

5 = LUrh)e({rid, ) — kS{rhv({r:}, 1)
O({ri}2) = (2 = L)) + kS({r:}) v ({rs}, 0)

1 1
- (- s ) e

1 ! kS({r; v ({r:}, 2)

e T Ty

S({r}, 1) = 4 (0) — K / dre=DEED S (fr (i}, 7)

0

t
o SHATB) _ etA_I_/ T (t=5)(A+B) g tA
0

—e—“w / dr [ e} [} — (1)) SEED (a7

/ dr / d{r}G({r;}, t|{r}}, ") S{r;Hv({r}}, )



Glxd, 1) = vl — & [ ar [ g DS,
[ a{r)S({r}) u(t) = [ Sy

_ _k/}h/d@;/arwmr G({r:}, tH{riy. 1) S{r o ({r)}, )

(i}, t) S ArSHEne i} 0 p()
weq ({ri}) fd{r FSHriHveq({r}) Hegq

closure approximation
(ct. local equilibrium approx.)

\4

) % i~ k[ [ [y [ d{r;}sari})g({ri},tr{r;},T>s<{r;}>weq<{r;}>] (1(t) 11e0)

\ . 4

ECE,T)

Ct,7)=C(t—1)

1) ey = == [ drC(t = m)u(r)




k

Heq

p(l) R fheg —

Our objective is to compute mfpt

(t) = /O dtp(t)
o(t) = [ d{ri}y({r:}, 1)

PEED  L(frdyt(rd.) - kS(r)o({ed. 0

Ao(t) :
?i ) _ —k,u(t) > P(2) = 2_1(1 — kfi(z))
o0 _ k -~ (2
(t) = /O dtg(t) = lim ¢(z) = limg (1 = ki) (1 " ueqc(z)) A:e(eq)
( \
— l% 1+ %qé(z) — kfa(z) (1 + /Z(J@@)J
\ D

S/

/dTC(t — T)p(T) > fi(z) =271 (1 + ’ CNY(Z)> ) Heq




z—0 z—0

(t) = /O ) dtp(t) = lim ¢(z) = lim (1 — kji(2)) (1 I @(Z)> pi(z)

L+ 200 ki) (14 -0 ) | 2
Heq . Heg | Hea
o )

<t>:/%q | /Ooodt(ugq 1)

O(t) = / dfr;) / NS Ur PG} (1}, S (X ea ({1}) — Clo0) = 42,

0=t (G0 )




Polymer looping time from WF formalism

S(iriy) = U7

C(t) = / dfr;) / S DG 1}, IS U ) beq ({)))

J (T dri) G(fri} t{x}},0) = G(r,tlro,0)

C(t) = G(o,t|o,0) : returning prob. to r=0 after time t

(t) = /O ) dt(GI(DZZ‘Z;)O) 1)
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Dynamical disorder: Passage through a fluctuating bottleneck

Robert Zwanzig
Laboratory of Chemical Physics, Building 2, National Institute of Diabetes and Digestive and Kidney
Diseases, National Institutes of Health, Bethesda Maryland 20892

J. Chem. Phys. (1992) 97, 3587

— e P S R o e a7 PP R P — e s A o ol e . 27 o o P P P e oo e @ o e o -y 27 —

: Kinetics from disordered systems:

Binding kinetics of CO to myoglobin in 80s by Frauenfelder & colleagues ....]

k ~ n~" (solvent viscosity) k=04—-0.8 7

Non-exponential (power-law) binding kinetics, 2(t)

B o e Sl o ) Sl Ak A, Lo po< G R s o Ak 8. Lo et g i o g (2 il as o s Ach S Lo o< D P PR T R AU BT I WO T Ah B, L b e e Sl o) S i Ay ¢ poana 2 it o — o T AN Ach 8¢ posaa
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; - Zwanzig (1992) JCP.
Cataf — —833 Ueﬁ‘(gj; 7/») + F;U (t)
—Ar + F,.(t)

;é Binding rate ~ kr2

2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

1/21 1/2\



Oyr = —Ar + F.(1) (r#)eq = 0
\ — 00 kr? — k6
C(t) = e~ ot
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COr = =0, Unti(:7) + Fiu(t)  (Fy(t)Fu(t')) = 2k To(t — ')
Or = —Mr + F.(t) (F.()F,(t)) = 2B&(t — t')

( 2>eq =0

=

1. Determine the noise strength of F,.(t) B =7
t
r(t) = e Mr(0) + / dre =T F (1)
0
(r3(t)) = e 2*(r?(0)) + 2B / dm / droe M=) 5 (1 — 1)

— B =)\0
2. Obtain the Fokker Planck egn.  O0:p = L,.p+ L, p

Otp + Oy (Tp) + O (7p) =0
Op + (L3 + L7)p+ 0x(Fu(t)/C X p) + 0p(Fr(t)p) =0
pla,r,t) = e 5" — / B T 0, (Fa(r) /€ X pl(r)) + O (Fo(r)plr))
_0up = DO(0: + BU'(2))p + M0, (0, +1/0)p
C, L,




(Orx = —0,Ueg(x;1) + Fi (1) (Fp(t)Fy(t)) = 2CkgTo(t — t')
Oyr = —Ar + Fi.(t) (F.(t)F,.(t')) =2B(t — t')
<T2>eq =0

Ox \ Ox or \ Or
Oip(x,r,t) = Lop(a,r,t) + L.p(x,r,t) —Sp(a,r,t) S(ZE, T)ﬁ

C(r,t) = /dwﬁ(w,r, t)

o (0 o (0
O p(x,r,t) =D < -+ ﬁU’(w)) D+ A0— <— + g) p—k.r?0(x — xs)p(, 7, 1)

\ 4

C —
E — £rC(ra t) o krrzﬁ(xts, r, t)°
ﬁ(-xtSa r, t) — ¢X (th)f(’”, t)
e—Ueff(CUtS)/kBT
qb(xtS) — fda;—e—Ueff(x)/kBT

~ \/U//ff(xo)/ZWkBTe_B(Ueff(wts)_Ueff(xO))

v

5C _ - :
= =L,Ct) —kr*Clrr)  With C(r,0) ~ 7 /2
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C _ _ o :
¥=£rc<r,t>—kr26<r,r> with C(r,0) ~ e~ /2
__ 0 | T

;C p— )\,9 (8 [ 5)

r

— (1) = fooo drC(r,t) survival probability

B | | By setting
C(r,t) =exp (v(t) — ,u(t)rz), equation (29) can be solved exactly, leading to
V() = =220u(t) + A
W (1) = —4r0p>(t) + 20 (t) + k.

pu(t)—1/460 do
1/460 S2—1602a

“m——W@+S“+L%*S_DE}

(30)

> = t, and this leads to

The solution for w(¢) 1s obtained by solvmg

n(©) 2 S+D+ S -DE 31)
At (S+D+(S-DHE\ '
) =——0—-1)+1
v(t) > ( ) + Og( 53 )
with ©(0) = 1/26. The survival probability, which was derived by Zwanzig, 1s
A S+ 12— (S—1DE\'?
(1) = exp(—E(S — l)t) (( + 1 4; ) ) (32)

where S = (1 + #)1/2 and E = e %5,

66



A S+1)2—(S—1)2E\ '?
Z(t)zexp(—E(S—l)t)(( ) 4S( ) )

where S = (1 + #)1/2 and E = e 2431

a )
A— oo X(t) = —kot

(&
A =0 X(t) = (14 2kot)"1/?
_ J

lambda=0.001
P i - i ) S p———— i T — i t
10 20 30 40

A =103

lanbda=0.01

20

-0.4}

-0.6! -0.6!
_0.3. -0.3‘
-1} -ir
logq, E(t) e
C G
lanbda=0.1 lambda=1.0
i " — — ' g A prp——y t i e r3 rs Jr——
k‘@ 1 2 i & 8 10 i 2 3 4 5 ¥
RO=1 — 10" A=1

-0.4| )\ — 10 -0.4¢
0.67 -0.6}
0.8¢ -0.8¢
-1} -1
1.2 -1.2¢




A S+ 12— (S—1)2E\ '*
Z(t)zexp(—E(S—l)t)(( + 1 45( ) )

1/2

where S = (1 + #) and E = e 2431

o0
= E cpe Mt
n=0

Ly = %(S — 1) 4+ 2nAS

po=5(5 1) =2 ((1 : 4i9)1/2 - 1)

to(A — 00) ~ kb

(A — 0) ~2 (kON)Y/2 ~ n~1/2

68



Force spectroscopy

Force (pN)

69

B 250 -

200 A

150 -

100 -

o0 1

1 Vo 3 4 5
N UFI U
% 2 : 7 FaR
X 14 )
p A\ ]
' N gﬁf] \
: P
S \
Linm): 20.5 36 029 85.6 1164 1478
\
\
\

Extension (nm)



A O

257t

20 ¢

Force (pN)

10
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Force spectroscopy

e — s G _ fxi

Wt W
st G, kip(f) = S0 BG B St

277y 277y

ExkRr =

Model for specific adhesion of cells to cells, G.I.Bell, Science (1978)
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log k(f)

A

k(f) = keP (Bell model)

log k(f) = logk + («* /kpT) f

@ force’
- f
: force clamp exp.
QV
C2 C3
< Py(t) =1 —e 7! s /
J_r """""""""" - ky = —
tim > time’ frcc’




force ramp exp. (dynamic force spectroscopy)

f = re X1
r¢ =df /dt : loading rate -
= KV P(f):rflp(t)
A O E/ s, | <g/ e O —

extension

/3



force ramp exp. (dynamic force spectroscopy)

J=rsxt
r¢ =df /dt : loading rate »
— KV P(f):rf P(t)
rupture force distribution rupture time distribution
P(f) unbinding force distribution <— P(¢) unbinding time distribution
unfolding force distribution unfolding time distribution

at ramping force

P(f)=r; P(t)
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force ramp exp. (dynamic force spectroscopy)

J=rsxt
= df /dt : loadi t
T - kfé oading rate P(f) — r}lP(t)
dfsz) = —k(t)S(t) - S(t) = e Jo Ak

P(t) = —8,S(t) = k(t)e™ Jo 47HT) = k(1) S(t)

P(f) = %k(f)e‘% Jo dikh) _ %k(f)S(f)
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1 — L [V dfk :
P(f) = =k(f)e 7710 T (f) = kel
f‘
1. draw A(f) with varying rr B | | I
k., s _Ef (o t/F_ s
P(f) = —ef/Tems oD
r'f
with f:]@;—iT % 20 40 60 80 100

f [pN]

2. How does the most probable rupture force change with r¢*?

Use P(f) = - HAS() —— sk (f) = k()
kT kT :
f* = :l; log 7+ ; log k:;T

Dynamic strength of molecular adhesio%bonds, Evans & Ritchie, Biophys. J. (1997)
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E\%ms and coworkers, Nature (1999) 397, 50
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J. Phys. Cond. Matt. (2007) 19, 113101
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G($) — fc(aj — $c) — A(.CB — wc)g —f(iE — xc)
= (fe— [z —xc) — A(z — 2)°
= ef(x—x.) — Alx — 2.)°
re = e R UBTEE a2
GH(f)/Gh = €¥/7
e=1—f/fe

k(e) = keexp (—ﬁGieg/Q)

in:ZC+—ZE_

Gt =G(zy) — Gz )
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o Vak: \/O/\ \/Q/\

n=2 n=6 n=20
nEI/T n=\5/V n=\ﬂ
< > ]
plasticyductile/(soft) brittle-(hard) fc : % G : / X i
| (_ l)n—l—l M

G(x) = G(x.) + folx — xc) (x — x. )"t

(n+1)!

k(e) = ke®™ exp (=BG " TV/my  a(n) = x(1 —nY)

/¢ % 1 *\12
k(f)=;[k(f )]

_ i I }
et = L goa [ 1 e (L na) e} ]
BGE °| kkpT BGin+ 1 )
% U I kBT I"in V] B n
;g 1_(_FIOgKkBT) V_n+1

N J. Chem. Phys. (2012) 137, 055103



O Dbiotin-streptavidin

[ A Diotin-avidin

&

Je

82

— v=0.40 (y,,, =0.120)
~ = v=0.50 (%, =0.784)

— v=0.070 (x,, =8.48)
5 | | | | | | | | | | | | |
41—A —
3_ —]
2~ A —
'T 040 _
o_""" PDoh
20 2 4 6 81012
log r, [pN/s]
1/2<v<1

J. Chem. Phys. (2012) 137, 055103



probability

P(f) =17 'K(F)S(F) — k()= 1_}”3” o

10 constant speed experiment By O X |-

0.06 — 4 z X no linker correction OVO¥*
- / v = 400 nm/s t(F) from variance, Eq.3 (X JOX )
0.04 200 nm/s _ fit to theory, Eq.5 —
0.02 % 0
l\ 10° ¢ -
0 "
0 50 100 0 50 100 GEJ
0.06[ ;= 3000 nmis v = 4000 nm/s s
0.04 . S 107
0.02 iﬁ
0 —
0 50 100 0 50 100 B
rupture force (pN) 10 = 50 e
force F [pN]
iINfo. from iNfo. from
force ramp exp. force clamp exp.

o Dudko et al. PNAS (2008)



Detecting molecular
dynamic disorder using
force spectroscopy



e.g. single molecule force spectroscopy (force-clamp, force-ramp)

40

wof ~ T T T T ] -
0.8 {0 N . T
Z(t)o.e- Z(t) ~ BXXt / \ P(f) N Tfl(%(ef/ f)

hes

“—
(=]

Number of Evemts
N
©

«h
o

0.2

[— Single-exponential fit| ]| ‘

*% 1 2 3 4 5 6 7 p0|y-Ub .. ) 50 100 150 200 280 300 350
Time [s] (Fernandez, Bruijic, ....) Rupture Force (pN)
Kuo et al. PNAS 2010 Evidences of molecular disorder?

Force dynamics + Fluctuating bottleneck model (Zwanzig)

K(f) << A\ : annealed disorder
K(f) >> A : quenched disorder
K(f) ~ A : dynamical disorder

k(f) = koelA%'/kaT
(Bell model)

Zwanzig, J. Chem. Phys. (1992)
J. Phys. Cond. Matt. (2007) 113101
Phys. Rev. Lett. (2014) 112, 138101



Unbinding (unfolding) kinetics at constant force, f (force-clamp)

A

o —k(f)0t
(14 2k(f)6t)~1/?

:A> k(f)
AL k(f)

Reanalyze the unfolding data of polyubiquitin under force-clamp (Kuo et al. PNAS 2010)

T e T I
time (sec)]
;' _ 4 5 6 7
T time (sec) time (sec)
1000-; 0.07_ ' T
< i - L !
- 10f O *3 30.04— - @
— - @ ] i
o 1 e . = 0.03- = — << ].
= it * L e ; 0.02F . e 4k(9
E ' ? E 0.01_— ) o -
00820 160 200 B0 720 160 200
f (pN) f (pN) Phys. Rev. Lett. (2014) 112, 138101
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P(f) ~ rfle><<ef/rf>

o

2

E —
g 10 T\

‘ 3
L b
50 100 180 2 Q
Rupture

L(r) = X0, (0, +1r/0)

Unbinding force distribution at constant loading rate, y (force-ramp)

é(r, b — E(r, tTC(r, £

S(r,t) = k(f(t))r? = koe''r?

- {1 FNPEAL }]

m0 [ Z(po) 2 Z(p)
N > Ol f) — 1 er®) R Z(p) —1/2 ) T'(p) —1/2
ZA(t)—/O drC( ,t)—m o =2 [I(po)] 1+ (t)I(p)]
_ A "(p) 1 .\ T'(p) I(p)] " T (p)]~*?

p=Pr(t) B=2\/7%

k(1) = \/4ko®/Ne!/?

Z(p) = (Z5(p0)Qs(p) — Qs(p0)T5(p)) — [K(0)] " {Z5(p0) Qs (p) — Qs(p0)Z5(p)






B0 100 120 140 160
Unfolding Force F [pN]

GFP (Green fluorescence proteins)

Dietz & Rief (2004) PNAS 101:16192
Dietz et al (2006) PNAS 103:12724
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anisotropic deformation
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Unbinding force distribution at constant loading rate, y (force-ramp)

Azt =1.1 nm

(IIIIIII — 1
5 S — kof = 0.017s

0.06 — N A=28x10°s 1

0.05 )

0.04_ 7 \ : ?gggf]m/s | v = 1600 Ilm/S
<0 oal ' \ Azt = 0.66 nm
o kot = 0.99s 1

ey A = 0.485

0.01p :

- ’ dotted line : Bell
% 25 B0 75 T 100 dashed line : DHS
f IpN] solid line : our theory

T. Strunz, K. Oroszlan, R. Sch'aLfer,\ and

H. Giuntherodt, Proc. Natl. Acad. Sci. U.S.A.
96, 11277 (1999). Phys. Rev. Lett. (2014) 112, 138101
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. 4 . indep. of pulling speed (V)
= frrh, v,=200 nm/s | v, =400 nm's
=
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g Uy e Y T e ] 1 f
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