
Jae-Hyung Jeon (POSTECH)

Mathematical models for  
anomalous diffusion

E-mail: jeonjh@gmail.com

The 18th KIAS-APCTP Winter School on Statistical Physics

0.  Characteristic functions & the CLT 
1. 𝛼-stable distribution and the generalized CLT 
2. Continuous time random walks (CTRWs) 

2.1 Subdiffusive CTRWs 
2.2 Levy flights 

3. Space-time coupled CTRWs 
3.1 Levy walks 

4. Fractional diffusion equations 
5. Aging and time-averaging



2

Reference


• An introduction to probability theory and its application Vol. II by W. Feller (Wiley, 
3rd ed., 1968) 


• First steps in random walks by J. Klafter and I. M. Sokolov (Oxford University 
Press, 2011)


• R. Metzler and J. Klafter, The random walk’s guide to anomalous diffusion: a 
fractional dynamics approach, Phy Rep 339, 1 (2000).


• Anomalous diffusion and fractional transport equation by R. Metzler & J.-H. Jeon in 
Fractional dynamics recent advances (World Scientific, 2011)


• Stable non-Gaussian random process by G. Samorodnitsky and M. S. Taqque 
(Chapman & Hall/CRC, 1994)


• Lecture note (R. Metzler)



0.  Characteristic functions & the CLT

Let us think of a (discrete time) random walk in a one-dimensional space.
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The position after n steps: Xn = x1 + · · ·+ xn
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• The steps are independent and identically distributed (i.i.d.) 
random variables from a probability density function (PDF) p(x).


• Alternatively,   


• p(x) is a function defined in (-∞, ∞) and normalized.

x1 = x2 = · · · = xn
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We ask the probability density (that the position of the particle is at [x, x+dx])

Pn(x) = h�(x�Xn)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Characteristic function (Fourier transform of PDFs)


�(k) =

Z 1

�1
dx exp(ikx)p(x) = hexp(ikx)i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(x) =
1

2⇡

Z 1

�1
dk exp(�ikx)�(k)
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Inverse transform


�(k) =

Z 1

�1
dxp(x)


1 + ikx� k2x2

2
+ · · ·

�
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Characteristic function is also called a generating function of moments:


=
1X

n=0

in
Mn

n!
kn

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where
 Mn = hxni =
Z 1

�1
dxxnp(x)dx

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

is n-th moment.
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Pn(k) =

Z 1

�1
dx exp(ikx)Pn(x)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Recursive relation for Pn(x)


Pn(x) =

Z
dyPn�1(y)p(x� y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 Thus, n-th moment of random variable x is obtained via:


hxni = (�i)n@n
k �(k)|k=0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 Characteristic function of Pn(x)


<latexit sha1_base64="o0akoD6WRlI5Eo7dcVLIuMF0x4k="></latexit>

Pn(x) =

Z
⇧n�1

k=1dxkp(x� xk�1)p(xk�1 � xk�2) · · · p(x2 � x1)p(x1)
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Characteristic function of Pn(x)


Pn(k) = Pn�1(k)�(k)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= · · · = [�(k)]n
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pn(x) can be obtained by the inverse Fourier transform of 


Simply the n times product of the 
characteristic function of single step.


[�(k)]n
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The Central Limit Theorem (CLT)

The distribution of a sum of n i.i.d random variables having a finite mean 𝜇 and a 
variance 𝜎2, for large n, converges to a Gaussian with the mean n𝜇 and the variance 
n𝜎2.


Pn(x) =
1

2⇡

Z 1

�1
dk exp(�ikx)[�(k)]n

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Example 1: Consider a Laplace PDF p(x) =
a

2
e�|x|a
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�(k) =
a2

a2 + k2
⇡ 1� k2

a2
+ · · ·
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for small k (i.e., large x)


Pn(x) =
1

2⇡

Z 1

�1
dk


1� k2

a2
+ · · ·

�n
exp(�ikx)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=
1

2⇡

Z 1

�1
dk exp


n ln

✓
1� k2

a2
+ · · ·

◆�
exp(�ikx)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡ e�
nk2

a2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for small k & large n


' ap
4⇡n

e�
a2x2

4n

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for small k & large n


NOTE: the variance of p(x) �2 = 2/a2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1p
2⇡n�2

e�
x2

2n�2
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Example 2: Consider a Gaussian PDF p(x) =
1p
2⇡�2

e�
x2

2�2
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�(k) = e�
k2�2

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pn(k) = e�
k2�2

2 n
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Pn(x) =
1p

2⇡n�2
e�

x2

2n�2
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From the two examples we can infer the following property:
For a symmetric PDF p(x) that has a finite second moment, its characteristic function 
can be expanded in the form of 

�(k) = 1� �
2
k
2

2
+O(k4)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for small k-limit.


Then, regardless of p(x), Pn(x) tends to be a Gaussian shape for large-n limit:

Pn(x) =
1p

2⇡n�2
e�

x2

2n�2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

M2 = �2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Single random variable            Sum of i.i.d. random variables

Gaussian random variable Gaussian PDF

non-Gaussian random 
variable with finite variance Gaussian PDF

More generally, let us consider random variable x that has the mean 𝜇 and the 
variance 𝜎2. 

Define a new variable s = (x� µ)/�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A rescaled sum

hsi = 0 & hs2i = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Zn = (s1 + · · ·+ sn)/n
1/2 ⌘ z1 + · · ·+ zn

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The rescaled variable z: �z(k) = 1� k2

2n
+ · · ·
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[�z(k)]
n =

✓
1� k2

2n
+ · · ·

◆n
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n ! 1
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= e�
k2

2
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Pn(z) =
1

2⇡
e�z2/2
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n ! 1
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The CLT

Pn(x) =
1p

2⇡n�2
e�

(x�nµ)2

2n�2
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• Prologue: Consider a Cauchy distribution

p(x) =
b

⇡(b2 + x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

It is normalizable, but its second moment does not exist. hx2i = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�(k) =

Z 1

�1
dxeikx

b

⇡(b2 + x2)
= e�b|k|

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

no differentiable at k=0 
(Moments do not exist!).

Sum of n i.i.d. Cauchy random variables

[�(k)]n = e�nb|k|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pn(x) =
nb

⇡(n2b2 + x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇨ Sum of Cauchy random variables is also Cauchy!
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• Definition of stable random variable

Xn =
nX

j=1

xj = an + bnx

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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The random variable x is stable if there exists real numbers bn>0 and an satisfying the 
following relation.

xi is i.i.d. x is strictly stable if an = 0. 

Theorem (Feller 1971 VI.1.1) 

bn = n1/↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 < ↵  2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

with

(Recall that 𝛼=2 for Gaussian random variables)
Index of stability (or characteristic exponent)

Example: Cauchy distribution

p(x) =
�

⇡(�2 + x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�(k) ⌘ p(k) = e��|k|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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L.H.S. heikXni = heikxin = e�n�|k|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

R.H.S. heik(an+bnx)i = eikanheikbnxi = eikan��bn|k|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

an = 0 & bn = n1/1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇨  strictly stable and the stability index 𝛼=1

• Alternative definition of strictly stable variable
x is strictly stable if for any positive numbers a and b there is a positive number c 
satisfying the relation

ax1 + bx2 = cx
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Theorem: the scaling factor c is given by                                         with

d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

c↵ = a↵ + b↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 < ↵  2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Strictly stable distribution (characteristic function)

heikax1iheikbx2i = heikcxi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇨

L↵(k)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L↵(ak)L↵(bk) = L↵(ck)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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The strictly stable distribution is inferred to be a form of

L↵(k) = e��↵|k|↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

scale parameter (positive)

Normalization of the PDF: L↵(k ! 0) = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇨ ↵ > 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The range of 𝛼: the second moment  M2 = �@2
kL↵(k)|k=0 = 0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

if ↵ > 2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇨ 0 < ↵  2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(𝛼=2: the Gaussian limit)

⇨ ↵ > 2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> (The distribution is no longer stable & the CLT is applied)



Levy 𝛼-stable distribution

L↵,�,µ,�(k) = exp [��↵|k|↵(1� i�sign(k)!(|k|,↵)) + iµk]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Four parameters

(1) Levy index: 0< 𝛼 ≤ 2, (2) Skewness parameter: -1≤𝛽≤1, (3) Scale parameter: 𝜎 >0, 
(4) Shift parameter: 𝜇 is real.

where


!(|k|,↵) =
⇢

tan(⇡↵/2) if ↵ 6= 1 (0 < ↵ < 2)
�(2/⇡) ln |k| if ↵ = 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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• More generally, the stable distribution is given by its characteristic function of the 
following form:

Easy check: (the above L(k) satisfies the definition of stable distribution)

[L↵,�,µ,�(k)]
n = eikanheikn

1/↵xi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="YS1XthuQlOOmyupuCntYJ/ekpAQ="></latexit>

↵ 6= 1
<latexit sha1_base64="zyAmmtAty1oWKRMFXcLSHNqgU30="></latexit>

[L(k)]n = exp [�n�↵|k|↵(1� i�sign(k)!(|k|,↵) + inµk]
<latexit sha1_base64="1gBvgrfYqkaNk7jRyxIzLhypYJI="></latexit>

= eikan exp
h
�n�↵|k|↵(1� i�sign(k) tan(⇡/2) + iµkn1/↵

i

<latexit sha1_base64="C4TI88XF1XuVYlz+M6h4KOQ2Bks="></latexit>

an = µn� µn1/↵ bn = n1/↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="SnJpClNofsQ/Of35ASFCJP+Y/O0="></latexit>

↵ = 1

<latexit sha1_base64="SXiVvhWAy6y6fjbyhme3hGyqO+g="></latexit>

= eikan exp [�n�|k|(1 + (2i/⇡)�sign(k) ln(n|k|) + iµkn]

<latexit sha1_base64="nKC3sOcQaB0Jro5irASCRO7eG0A="></latexit>

[L(k)]n = exp [�n�|k|(1 + (2i/⇡)�sign(k) ln |k|+ inµk]

<latexit sha1_base64="HZnhhIeKpSTdE4kwc48dAv+UQxk="></latexit>

an =
2

⇡
��n lnn

<latexit sha1_base64="UYqH5F2jnJKfSA9duAbY4DYi/Wk="></latexit>

bn = n1/1
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• There are only a few cases that the closed form of 𝜶-stable densities is obtained.
<latexit sha1_base64="neOXLr+lN7dR2N3lftEmSmACVp4="></latexit>

↵ = 2

(actually, no dependency on 𝛽)
<latexit sha1_base64="srzAMfHtZvXG3MCrL1KztAFm3Vg="></latexit>

L2,0,µ,�(x) =
1

2⇡

Z 1

�1
dke�ikxe��2k2+iµk

<latexit sha1_base64="C1P9Yu18O8AqBsij5SVc1rf7PjY="></latexit>

L2,0,µ,�(k) = e��2k2+iµk

<latexit sha1_base64="j5cyOEX46gHCTqiaJqHhgJf8Qg0="></latexit>

=
1

4⇡�2
e�

(µ�x)2

4�2
<latexit sha1_base64="BjKtWAf5unFiuWxM6qIRikyw8HM="></latexit>

= N(µ, 2�2)

(Gaussian distribution)

<latexit sha1_base64="02z6TMmsmshawdvpLeoJ5sbwq8g="></latexit>

↵ = 1 & � = 0 (Cauchy distribution)

<latexit sha1_base64="0r28IDDQhlB/95rq64oP6jQCWEI="></latexit>

L1,0,µ,�(k) = e��|k|+iµk

<latexit sha1_base64="sBUM8TqoRT1/xDLi0AdsdGOBROs="></latexit>

L1,0,µ,�(x) =
1

2⇡

Z 1

�1
dke�ikxe��|k|+iµk

<latexit sha1_base64="aIAT+NNdQ41sV3+nDhbWcA3k7u0="></latexit>

=
1

2⇡


1

� + i(x� µ)
+

1

� � i(x� µ)

�

<latexit sha1_base64="byUrme8nMxR1E7y6GKLvajpeFe4="></latexit>

=
�

⇡[(x� µ)2 + �2]
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We do not consider the scale and shift parameters because of the property 

Stable variable x L↵,�,µ,�(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L↵,�,0,1(
x� µ

�
)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>x = �y + µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

normalized variable⇔ 

From now on, we use the notation L↵,�(x) = L↵,�,0,1(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Symmetric 𝛼-stable distribution (𝛽=0)

• Characteristic function

L↵,0(k) = L↵(k) = e�|k|↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

' 1� |k|↵ + · · · (k ! 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

NOTE: In the previous section, when the second moment exists, �(k) = 1� �
2
k
2

2
+O(k4)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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from Stable non-Gaussian random process (Samorodnitsky)
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• Asymptotic form of               at large x L↵(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L↵(x) =
1

2⇡

Z 1

�1
dk exp(�ikx� |k|↵) = 1

⇡
Re

Z 1

0
dk exp(�ikx� k↵)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= Re


�i

Z 1

0
dye�y exp

✓
�y↵

x↵
e�

i⇡↵
2

◆�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=
sin

�
⇡↵
2

�
�(1 + ↵)

⇡x↵+1
+O(1/x2↵+1)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= � 1

⇡x

1X

n=0

(�1)n

n!
sin

⇣⇡n↵
2

⌘ 1

xn↵

Z 1

0
dye�yyn↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for x>0

using a complex integral

For large-x limit (x→∞)

L↵(x) ⇡
C↵

|x|1+↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

C↵ =
1

⇡
sin

⇣⇡↵
2

⌘
�(1 + ↵)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="6F7tMAk0L03zBZ3hapTf8o/kVIM="></latexit>

0 < ↵ < 2
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• Moments 

h|x|qi =
Z 1

�1
|x|qL↵(x)dx

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

(
< 1, q < ↵

1, q � ↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The second moment does not exist for 𝛼-stable random variables.

One-sided 𝛼-stable distribution (𝛽=1 & 0<𝛼<1)
• The PDF is defined on the positive half-line (x>0). (Later we use this PDF for the 

description of a heavy-tailed waiting time 𝜓(t)). 

from Stable non-Gaussian random process (Samorodnitsky)



* When

<latexit sha1_base64="gQmo+wqG1B+Mq76+HHnsfpV2yXU="></latexit>

⇡ C+
↵

x1+↵

<latexit sha1_base64="0NfGJXh0FOin6umNvd8zB5+D/l4="></latexit>

C+
↵ =

(1 + �)

⇡
�(1 + ↵) sin(⇡↵/2)

<latexit sha1_base64="3HPRQjI7o5sEOeAl/XDXdcuBWks="></latexit>

L�
↵,�(x) =

1

2⇡

Z 0

�1
dk exp(�ikx� (�k)↵(1 + i� tan(⇡↵/2))

<latexit sha1_base64="WFKVfupNKvr88D356QiIkfQZkL4="></latexit>

L+
↵,�(x) =

1

2⇡

Z 1

0
dk exp(�ikx� k↵(1� i� tan(⇡↵/2))

<latexit sha1_base64="htgV20Y44c8AXj05UYnD7s3TJwE="></latexit>

⇡ C�
↵

(�x)1+↵

<latexit sha1_base64="LJx1BPcs0TuzEJwTZuWmEjxkPcc="></latexit>

C�
↵ =

(1� �)

⇡
�(1 + ↵) sin(⇡↵/2)

skewness parameter

<latexit sha1_base64="Ak9tTemFTiMtALsjsyu7M3GKYiA="></latexit>

� =
C+

↵ � C�
↵

C+
↵ + C�

↵

<latexit sha1_base64="+KppiqjZlKe99Ffc8eyV2CN+N1A="></latexit>

� 6= 0
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• Moments 

h|x|qi =
Z 1

�1
|x|qL↵(x)dx

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

(
< 1, q < ↵

1, q � ↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The second moment does not exist for 𝛼-stable random variables.

One-sided 𝛼-stable distribution (𝛽=1 & 0<𝛼<1)
• The PDF is defined on the positive half-line (x>0). (Later we use this PDF for the 

description of a heavy-tailed waiting time 𝜓(t)). 

from Stable non-Gaussian random process (Samorodnitsky)
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• Moments 

h|x|qi =
Z 1

�1
|x|qL↵(x)dx

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

(
< 1, q < ↵

1, q � ↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The second moment does not exist for 𝛼-stable random variables.

One-sided 𝛼-stable distribution (𝛽=1 & 0<𝛼<1)

L↵,�=1(k) = exp
⇣
�|k|↵(1� i tan

⇣⇡↵
2

⌘
sign(k)

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• The PDF is defined on the positive half-line (x>0). (Later we use this PDF for the 
description of a heavy-tailed waiting time 𝜓(t)). 

The one-sided density is defined by the form



24

• Laplace transformed form
Z 1

0
e�uxL↵,1(x)dx = exp

✓
� u↵

cos(⇡↵/2)

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Asymptotic forms of             L↵,1(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 At large x (→∞)

 At small x (→0) 

L↵,1(x) ⇠
1

x1+↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L↵,1(x) ' C1x
�1�↵/(2(1�↵)) exp

✓
� C2

x↵/(1�↵)

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

! 0 (x ! 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

e.g. Levy-Smirnov density (the first-passage time density of returning random walk)

L1/2,1(x) =
1p
2⇡x3

exp

✓
� 1

2x

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Generalized CLT
The distribution of a sum of i.i.d random variables whose probability densities have 
infinite variance and asymptotically decay with a power-law tail

tend to the corresponding symmetric Levy stable distribution. 

<latexit sha1_base64="MkDo1wx4JqWtYIkM9+xP3aGVgms="></latexit>

p(x) / A

|x|1+↵
<latexit sha1_base64="Ohzj+UmM++Ucqk7CGNI6cTTefF0="></latexit>

0 < ↵ < 2

• We here heuristically explain the GCLT. For the above p(x), its characteristic 
function behaves

<latexit sha1_base64="ya0sVaonawOT/bRdNi/tSLUJeR8="></latexit>

|x| ! 1

<latexit sha1_base64="gosfOSYk5erpU/5zqAkf5rcceMo="></latexit>

�(k) = A

Z 1

�1
eikx

1

|x|1+↵
dx = 2A

Z 1

�1
cos(kx)

1

|x|1+↵
dx

<latexit sha1_base64="Ci4ok/1mUqnujuuHx35epsonlEU="></latexit>

= 1� 2A

Z 1

0
(1� cos(kx))

1

x1+↵
dx = 1� 2A|k|↵

Z 1

0

1� cos(y)

y1+↵
dy

<latexit sha1_base64="yrnn1Xb75dVd+sAA0ugLxcAj8bs="></latexit>

⇡ 1� A

C↵
|k|↵ C↵ =

1

⇡
sin

⇣⇡↵
2

⌘
�(1 + ↵)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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For the sum of n i.i.d such random variables, 
<latexit sha1_base64="uYPfxYpeLU4e2taW8lGRyuQL/50="></latexit>

Pn(k) = [�(k)]n = (1� A

C↵
|k|↵)n = exp (n ln(1�A|k|↵/C↵ + · · · ))

<latexit sha1_base64="KHFh0GjXa3nd7N8jkfoQasQIbWY="></latexit>

⇡ e�(A/C↵)n|k|↵
<latexit sha1_base64="S7WKLrCmoWB3F/ZRZtwQ2LJk5T4="></latexit>

� =

✓
An

C↵

◆1/↵

with

<latexit sha1_base64="ya0sVaonawOT/bRdNi/tSLUJeR8="></latexit>

|x| ! 1

from Bouchaud & Georges, Phys Rep 195, 127 (1990)

<latexit sha1_base64="RvsfLuatNDV6dcbuRMrrdz6jzcg="></latexit>

p(x) / 1

|x|1+µ

<latexit sha1_base64="niiMxucW9YROtjYYVsE1aaWXkHs="></latexit>

0 < µ < 2

<latexit sha1_base64="svMqlekWEGKRnbJAuZmhOF4TjZA="></latexit>

µ � 2

<latexit sha1_base64="WJaf+kVVlhs1OluqJ/9rcxZWUfE="></latexit>

L↵=µ(x)

Gaussian

(CLT)

(GCLT)

(also including any functions

decay faster than 1/|x|3)

<latexit sha1_base64="70kyGacslvaRF54BlP8leoiIywc="></latexit>

= L↵,0,0,�(k)

<latexit sha1_base64="V/uzxbGGpYX5iY56fCz7LnAuV4k="></latexit>

Pn(x) / L↵,0,0,�(x) '
An

|x|1+↵

<latexit sha1_base64="ya0sVaonawOT/bRdNi/tSLUJeR8="></latexit>

|x| ! 1



The anomalous diffusion may have mechanism(s) invoking

  
(1) broad distributions in step lengths & times  

(2) long-range correlation 

(3) inhomogeneity 

hx2(t)i / t↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(↵ 6= 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Why anomalous? Breakdown of the central limit theorem 

In nature, anomalous diffusion is commonly observed including the biological systems

e.g. Fractional Brownian 
motion, fractional 
Langevin equation,

Percolation

viscoelastic self-correlation

e.g. Continuous-time 
random walks, Levy 
flights, Levy walks

Fluctuating diffusivity 
model, grey Brownian 
motion, Sinai, etc



2. Continuous time random walks 
One can generalize random walk processes in the scheme of CTRW.


“A random walker jumps instantaneously from one site to another, following a waiting 
(sojourn) period on a site with sojourn time t drawn by a PDF of waiting times 𝜓(t). At 
each jump, the jump length can be random (either finite or infinite variance) with the 
PDF of jump lengths 𝜆(x).” 

t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x(t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="6gnwTWFjZDtHUebfTVGrN7IpdAo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjwoMcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OkizbtAtlf2KPwNZJkFOypCj1i19dXqaZQlXyCS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV//PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFeCy4p/f1Gu3uZxFOAYTuAMAriCKtxBDerA4BGe4RXePO29eO/ex7x1xctnjuAPvM8fS9CO9Q==</latexit>⌧1

<latexit sha1_base64="gQD6/50qpsIagnOgwzBS0mpPPt8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCBz1WsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV77Lq3l9U6rd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB01UjvY=</latexit>⌧2

<latexit sha1_base64="4pd6tTXfk1rNSKaRVUgYr2Y6MzE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKez6QI8BD3qMYB6QLGF2MpuMmZ1ZZnqFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7wkRwg5737RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHN1O/9cS04Uo+4DhhQUwGkkecErRSs4sk7Z33yhWv6s3gLhM/JxXIUe+Vv7p9RdOYSaSCGNPxvQSDjGjkVLBJqZsalhA6IgPWsVSSmJkgm107cU+s0ncjpW1JdGfq74mMxMaM49B2xgSHZtGbiv95nRSj6yDjMkmRSTpfFKXCReVOX3f7XDOKYmwJoZrbW106JJpQtAGVbAj+4svLpHlW9S+r3v1FpXabx1GEIziGU/DhCmpwB3VoAIVHeIZXeHOU8+K8Ox/z1oKTzxzCHzifP07Yjvc=</latexit>⌧3

<latexit sha1_base64="UOnXSqZ1zXX89HZmIL/HJzydHJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz1WsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtC6q3mXVva9V6rd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB1Bcjvg=</latexit>⌧4
<latexit sha1_base64="YV4RTAP8AAoUhTVQOsDnfpTSqlI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRi0WPBgx4r2A9oQ9lsN+3azW7YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fjm5nffmLacCUfcJKwICZDySNOCVqp1UOS9mv9csWrenO4q8TPSQVyNPrlr95A0TRmEqkgxnR9L8EgIxo5FWxa6qWGJYSOyZB1LZUkZibI5tdO3TOrDNxIaVsS3bn6eyIjsTGTOLSdMcGRWfZm4n9eN8XoOsi4TFJkki4WRalwUbmz190B14yimFhCqOb2VpeOiCYUbUAlG4K//PIqaV1U/VrVu7+s1G/zOIpwAqdwDj5cQR3uoAFNoPAIz/AKb45yXpx352PRWnDymWP4A+fzB1Hgjvk=</latexit>⌧5

<latexit sha1_base64="irGjr7diSrMuf4cmqiLe9bwgSsg=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRY86LGC/YA2lM1m067d7IbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ2V1bX1js7RV3t7Z3duvHBy2jMo0ZU2qhNKdkBgmuGRN5ChYJ9WMJKFg7XB0M/XbT0wbruQDjlMWJGQgecwpQSu1ejRSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1Trt0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHsSqPOA==</latexit>· · ·

<latexit sha1_base64="iiNFR+faCjK3ZMV9DXa9JNJ4RO4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPBgx4r2A9sQtlsN+3SzSbsToRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3kz91hPXRiTqAUcpD2LaVyISjKKVHv3UiIqPNDvrlspu1Z2BLBMvJ2XIUe+WvvxewrKYK2SSGtPx3BSDMdUomOSTop8ZnlI2pH3esVTRmJtgPLt4Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv95nQyj62AsVJohV2y+KMokwYRM3yc9oTlDObKEMi3srYQNqKYMbUhFG4K3+PIyaZ5Xvcuqe39Rrt3mcRTgGE6gAh5cQQ3uoA4NYKDgGV7hzTHOi/PufMxbV5x85gj+wPn8AQ3/kIY=</latexit>

 (⌧)

<latexit sha1_base64="6HXnuZwfBDMviUL/7x1pMkWk6jg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBgx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR9dRvPaLSPJYPZpygH9GB5CFn1Fjp/qnn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnt3Xqnd5HEU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcOg42p</latexit>x1
<latexit sha1_base64="JYvyydKIPDa3A3y74BORcb64e1o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9FjwoMeK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbF6wHHC/YgOlAgFo2il+6detVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK95Fxb07L9du8jgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcQB42q</latexit>x2

<latexit sha1_base64="7Xsr5fPK93UuOeAgpgvQ15797vo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BD3qMaB6QLGF20psMmZ1dZmbFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq6nfekCleSzvzThBP6IDyUPOqLHS3WPvtFeuuFV3BvKXeDmpQI56r/zZ7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oQcWaVPwljZkobM1J8TGY20HkeB7YyoGepFbyr+53VSE176GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsv/yXNk6p3XnVvzyq16zyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDEYuNqw==</latexit>x3

<latexit sha1_base64="6DPFdsMLY4TC++eNNx7oDSJDEks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBgx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90+981654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu7deaV2k8dRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8TD42s</latexit>x4

<latexit sha1_base64="65D8oAU5UneYNGiT31GHeaNBNUE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolY9FjwoMeK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9ci1EbF6wHHC/YgOlAgFo2il+6detVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmmeV7xqxb27KNdu8jgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcUk42t</latexit>x5

waiting time PDF

jump length PDF



• Consider the PDF 𝜂(x,t) that a random walker just have arrived at position x at time 
t. This PDF fulfills the following equation:

⌘(x, t) =

Z 1

�1
dx0

Z t

0
dt0⌘(x0, t0)�(x� x0) (t� t0) + �(x)�(t)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

initial condition

In the Fourier-Laplace space: 

⌘(k, u) =
1

1� �(k) (u)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Now we consider the PDF P(x,t) that the particle is found at position x at time t, 
which can be written as: 

survival probability29

<latexit sha1_base64="ZWf8tkLMyIWrz6dnVPP48GkmaUA="></latexit>

P (x, t) =

Z t

0
dt0⌘(x, t0) (t� t0)

<latexit sha1_base64="cde9M8uS9AMZpXwnZJRCYm7jkC8="></latexit>

⌘(k, u) = �(k) (u)⌘(k, u) + 1



The survival probability (of the waiting time PDF)

In the Laplace space: 

Combining the two, we obtain the general expression of the PDF P(x,t) in the 
framework of CTRW. In the Fourier-Laplace space:

=
1

1� �(k) (u)

1�  (u)

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

30

<latexit sha1_base64="ZcmMyPTFOOOLtWDMRnBAWfdwp6Q=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoseCBz1WsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhuLMbf3srq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7DhhQUwGkkecEuukZr2HK6OzXqmMq3gGtEz8nJQhR71X+ur2FU1jJi0VxJiOjxMbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3TqlD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQ0YXgL768TJrnVf+yiu8vyrXbPI4CHMMJVMCHK6jBHdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFfJI5a</latexit>

P0(k)

<latexit sha1_base64="Mjgyq1PXY8O5pjkgVNxkvZp4woY="></latexit>

 (t) =

Z 1

t
dt0 (t0) = 1�

Z t

0
dt0 (t0)

<latexit sha1_base64="5Qz6P+b0rOKRBoO5iiCMuU0OteI="></latexit>

P (k, u) = ⌘(k, u) (u)

<latexit sha1_base64="Ga1xy+f7SDVw2lErVGYUDQUWzyY="></latexit>

 (u) =
1

u
�  (u)

u
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Renewal approach 


t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x(t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="6gnwTWFjZDtHUebfTVGrN7IpdAo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9BjwoMcI5gHJEmYns8mY2ZllplcIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rM4M43WmpTatiFouheJ1FCh5KzWcJpHkzWh4M/WbT9xYodUDjlIeJrSvRCwYRSc1OkizbtAtlf2KPwNZJkFOypCj1i19dXqaZQlXyCS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV//PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFeCy4p/f1Gu3uZxFOAYTuAMAriCKtxBDerA4BGe4RXePO29eO/ex7x1xctnjuAPvM8fS9CO9Q==</latexit>⌧1

<latexit sha1_base64="gQD6/50qpsIagnOgwzBS0mpPPt8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCBz1WsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV77Lq3l9U6rd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB01UjvY=</latexit>⌧2

<latexit sha1_base64="irGjr7diSrMuf4cmqiLe9bwgSsg=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRY86LGC/YA2lM1m067d7IbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ2V1bX1js7RV3t7Z3duvHBy2jMo0ZU2qhNKdkBgmuGRN5ChYJ9WMJKFg7XB0M/XbT0wbruQDjlMWJGQgecwpQSu1ejRSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1Trt0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHsSqPOA==</latexit>· · ·

<latexit sha1_base64="8uJMlzoeOUN/0WZbLJZvJ1WbAeQ="></latexit>⌧n
<latexit sha1_base64="rad+NgYfC0i3dgCioLQyFIG8Pmg="></latexit>⌧n+1

<latexit sha1_base64="TC+1N21WSQKP1bf/x5f98VNkU+8="></latexit>

 (u) =

Z 1

0
e�ut (t)dt = he�uti

<latexit sha1_base64="czAEMaNspNJVITpz7+4hcwPw13c="></latexit>

 n(t) : prob. density that nth jumps occur exactly at 
<latexit sha1_base64="StNKkAGM+8DxvTBY+XP/WHktus0="></latexit>

t = ⌧1 + · · · ⌧n
<latexit sha1_base64="yPLjxUIFI15/wX4KVt2HpUQ1GtM="></latexit>

 n(u) = he�u⌧1i · · · he�u⌧ni = [ (u)]n

<latexit sha1_base64="irGjr7diSrMuf4cmqiLe9bwgSsg=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRY86LGC/YA2lM1m067d7IbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ2V1bX1js7RV3t7Z3duvHBy2jMo0ZU2qhNKdkBgmuGRN5ChYJ9WMJKFg7XB0M/XbT0wbruQDjlMWJGQgecwpQSu1ejRSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1Trt0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHsSqPOA==</latexit>· · ·



32

<latexit sha1_base64="dxz+E6j54/B9GbZwwor3kaQXG8M="></latexit>

Qn(t) : probability that there are nth jumps until time t 
<latexit sha1_base64="P5MLn+SRNMdsKxzw+oumF0HF+Uo="></latexit>

Qn(t) =

Z t

0
 n(t

0) (t� t0)dt0 ⇨
<latexit sha1_base64="Nxn5tEqkknbXpJap2jdi+Q7rCaM="></latexit>

Qn(u) =  n(u)
1�  (u)

u
= [ (u)]n

1�  (u)

u

Idea of subordination
<latexit sha1_base64="dtqC9G0mA85AV6brc8dEyJxSqjM="></latexit>

P (x, t) =
1X

n=0

Pn(x)Qn(t)

<latexit sha1_base64="CywFdcv/6TeE/+3JtfNbfqWKx5E="></latexit>

P (x, u) =
1X

n=0

Pn(x)[ (u)]
n 1�  (u)

u

<latexit sha1_base64="bCNKZ26iXkhzVu3h1nW/Eaat11k="></latexit>

P (k, u) =
1X

n=0

Pn(k)[ (u)]
n 1�  (u)

u
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<latexit sha1_base64="zkiBB6iLDZMyHXnkItb7IaGYsJA="></latexit>

P (k, u) =
1�  (u)

u

1X

n=0

[�(k)]n[ (u)]n

=
1

1� �(k) (u)

1�  (u)

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Mean squared displacement
<latexit sha1_base64="z+8rham7KZLFDzJQvMbSi7BKgIU="></latexit>

hx2(t)i =
1X

n=0

Qn(t)

Z
x2Pn(x)dx

<latexit sha1_base64="3+REvZ3BqaJ77SdNa0xAarG0S0k="></latexit>

=
1X

n=0

h�x2inQn(t)
<latexit sha1_base64="9lFMjveFEkpEa8jKWL2fC73lNJc="></latexit>

= h�x2ihn(t)i
The mean number of 
jumps until time t

~~~~~~~
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2.0 Normal diffusion 


• When the mean waiting time exists: h⌧i =
Z 1

0
t (t)dt < 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 (u) =

Z 1

0
dt (t)[1� ut+ · · · ] = 1� h⌧iu+O(u2)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡ 1� h⌧iu
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at large times  (t ! 1 $ u ! 0)
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e.g.   (t) = �(t� ⌧) !  (u) = exp(�u⌧)
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 (t) = exp(�t/⌧)/⌧ !  (u) = 1/[1 + u⌧ ]
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• When the variance of step lengths is finite: h�x2i =
Z 1

�1
x2�(x)dx < 1
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�(k) =

Z 1

�1
dx�(x)[1 + ikx� k

2

2
x
2 + · · · ] = 1� k

2

2
h�x2i+O(k3)
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⇡ 1� k2

2
h�x2i
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at large x  (x ! 1 $ k ! 0)
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• Condition: the mean waiting time exists and the variance of step lengths is finite 
(the CLT is applied).
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e.g.  �(x) =
1

2
[�(x� a) + �(x+ a)] ! �(k) = cos(ka)
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Also short-ranged PDFs such as Gaussian, exponential…  

• At large times and lengths (u and k are small), we obtain

.

The inverse Laplace transform:

• After the inverse Fourier transform, we obtain the Gaussian propagator for an 
ordinary diffusion equation [CLT]

P (k, u) ⇡ 1

u+ k2 h�x2i
2h⌧i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

D: diffusivity

P (k, t) = exp(�Dk2t)
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P (x, t) =
1p
2⇡Dt

exp(�x2/[2Dt])
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2.1 Subdiffusive CTRWs

• In terms of the Levy 𝛼-stable distribution, we now consider waiting time PDFs 
belonging to the one-sided Levy distribution

• Condition: the mean waiting time diverges while the variance of step lengths is 
finite.

<latexit sha1_base64="Wdqd26idv5HxH2Jhcj9PcVti2uA=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUEHKjCi6EQoudOGign1AZxgyaaYNzWRCkhHKMBt/xY0LRdz6Ge78G9N2Flo9cOHknHvJvScUjCrtOF9WaWFxaXmlvFpZW9/Y3LK3d9oqSSUmLZywRHZDpAijnLQ01Yx0hSQoDhnphKOrid95IFLRhN/rsSB+jAacRhQjbaTA3vOEojV9dHkbZB5iYoiO3dy8A7vq1J0p4F/iFqQKCjQD+9PrJziNCdeYIaV6riO0nyGpKWYkr3ipIgLhERqQnqEcxUT52fSAHB4apQ+jRJriGk7VnxMZipUax6HpjJEeqnlvIv7n9VIdXfgZ5SLVhOPZR1HKoE7gJA3Yp5JgzcaGICyp2RXiIZIIa5NZxYTgzp/8l7RP6u5Z3bk7rTauizjKYB8cgBpwwTlogBvQBC2AQQ6ewAt4tR6tZ+vNep+1lqxiZhf8gvXxDQw7lWs=</latexit>

 (t) = L↵,1(t)
<latexit sha1_base64="uMniMfEmKiQofuo3SF2MG7v/cyc="></latexit>

 (u) = exp(��↵u↵)and 0 < ↵ < 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• More generally, we think of (asymptotically) power-law PDFs of the form

 (t) ⇠ ↵

�(1� ↵)

⌧↵

t1+↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 < ↵ < 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

In this range of 𝛼, h⌧i =
Z 1

0
t (t)dt ! 1
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To find the PDF in the Laplace domain, we consider  (t) =
⌧↵

�(1� ↵)
t�↵
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• The Laplace transform of 𝜳 is doable by making use of the Tauberian theorem.

Tauberian theorem
For a function F(t) which behaves as F (t) ' t⇢�1L(t), 0 < ⇢ < 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

with L(t) being a slowly varying function of t, for t→∞. Its Laplace transformed 
counterpart is given by F (u) ' �(⇢)u�⇢L(1/u)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Using the Tauberian theorem, we have

 (u) = ⌧↵u�1+↵ =
1�  (u)

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 (u) = 1� ⌧↵u↵
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for small u.

• Plugging this result into P(k,u), we find

P (k, u) =
1

u+ k2h�x2i
2⌧↵ u1�↵

=
1

u+ k2D↵u1�↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Generalized diffusivity ~ [length]^2/[time]^𝜶 
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• The inverse-Laplace transform of P is obtained using the so-called Mittag-Leffler 
function.

<latexit sha1_base64="I53aAQBzzLkfJWzE66Who9CjTBU="></latexit>

P (k, t) = E↵[�D↵k
2t↵]

Mittag-Leffler function

<latexit sha1_base64="zSXzQvyNoqJBYDps8xsgko5OO9I="></latexit>

=
1X

n=0

(�D↵k2t↵)n

�(1 + n↵)
<latexit sha1_base64="Wfq/uWlvJgiTDmnsPtLQQEymgmA="></latexit>

E↵(x) =
1X

n=0

xn

�(1 + n↵)

(a generalized exponential function. 𝜶=1:                   )
<latexit sha1_base64="8926kTH/Cflvv1DhO5Ifn0BcIZg="></latexit>

E1(x) = ex

<latexit sha1_base64="alJJGlHgCQ5rdNs0QBDE2c6asR0="></latexit>

P (k, t) ⇡ 1� (t/⌧k)↵

�(1 + ↵)
⇡ exp(� (t/⌧k)↵

�(1 + ↵)
)

Limiting behaviors

With the definition of k-mode char. time <latexit sha1_base64="gvnTId+OLLnXhYMipecxxj1vA2Q="></latexit>⌧k

<latexit sha1_base64="hvpoKivHQM//r/hL6fTruLtSqgk="></latexit>

(t ⌧ ⌧k)
stretched exponential

<latexit sha1_base64="HSmjcsRbVeu9D5YuxC5/46OXegg="></latexit>

(t � ⌧k)
power-law

<latexit sha1_base64="eEgCLp67G6t06IV1g3gogPq2knM="></latexit>

P (k, t) =
1X

n=1

(�1)n�1(⌧k/t)↵n

�(1� n↵)

<latexit sha1_base64="EDxSREMAde8MPk59RjBJtMQFZT0="></latexit>

⇡ (⌧k/t)↵

�(1� n↵)

<latexit sha1_base64="n59INEaYUbEaDtlfrlVuhnTYa+g="></latexit>

E↵(�(t/⌧)↵) = L�1

⇢
1

u+ ⌧�↵u1�↵

�
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<latexit sha1_base64="Zv3hYzlJY0sapf+S1zlscrKNyrA="></latexit>

log10 t/⌧k

<latexit sha1_base64="cksY9InEQSsnzJOsN0XVEpvCfC4="></latexit> lo
g 1

0
P
(k
,t
)

<latexit sha1_base64="EDxSREMAde8MPk59RjBJtMQFZT0="></latexit>

⇡ (⌧k/t)↵

�(1� n↵)

<latexit sha1_base64="alJJGlHgCQ5rdNs0QBDE2c6asR0="></latexit>

P (k, t) ⇡ 1� (t/⌧k)↵

�(1 + ↵)
⇡ exp(� (t/⌧k)↵

�(1 + ↵)
)

• The scaling structure of P(x,t)

<latexit sha1_base64="hf//AEJMJTwl2qW0inwAHcj0Gtw="></latexit>

P (k, t) = E↵[�D↵k
2t↵] = P̃↵(kt

↵/2)

<latexit sha1_base64="+m+2Cj2tF/hHDE/eTzcP0AND+Uo="></latexit>

P (x, t) =
1

t↵/2
P↵(

x

t↵/2
)⇨

scaling function
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The inverse Fourier transform of P(k,t) requires the expression using the so-called 
Fox functions. Via the series expansion we find

P (x, t) =
1p

4D↵t↵

1X

n=0

(�1)n

n!�(1� ↵[n+ 1]/2)

✓
x2

D↵t↵

◆n/2
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• Ensemble-averaged MSD

hx2(u)i = �@2
kP (k, u)|k=0 = 2D↵u

�1�↵
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Using the Tauberian theorem

hx2(t)i = 2D↵

�(1 + ↵)
t↵
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Subdiffusion

 (t) ⇠ ↵

�(1� ↵)

⌧↵

t1+↵
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anomalous exponent 
0 < ↵ < 1
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NOTE: Anomalous exponent is the index of 𝛼 in the waiting time PDF.
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• The mean number of jumps
<latexit sha1_base64="aiOip75UlutDq5uKR3Lb+KcavFk="></latexit>

hn(t)i =
1X

n=0

nQn(t)

<latexit sha1_base64="q3T6ypuMVeynrCudEQVt3h/TAqQ="></latexit>

hn(u)i =
1X

n=0

nQn(u) =
1�  (u)

u

1X

n=0

n[ (u)]n

<latexit sha1_base64="J5oTzNki9MDrNaIpxEGtbzuNLf8="></latexit>

=
 (u)

u[1�  (u)]
 (u) = 1� ⌧↵u↵
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# of average jumps sublinearly 
increases with time t ⇨

<latexit sha1_base64="mYOul+17Vnlgbagr0SXbtXR3Gk8="></latexit>

hn(u)i ⇡ 1

u(⌧u)↵

<latexit sha1_base64="p1piYzVUTaDISbYUGOX/VYty1Dw="></latexit>

hn(t)i = 1

�(1 + ↵)

t↵

⌧↵
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hx2(t)i = h�x2ihn(t)i = h�x2i
�(1 + ↵)

t↵

⌧↵
⇨ hx2(t)i = 2D↵

�(1 + ↵)
t↵
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• Typical pattern of a trajectory looks like this:

<latexit sha1_base64="qo/BbUaa0+fEV8JmbaphMBYaNVw="></latexit>

↵ = 0.5

long waiting

• The origin of the subdiffusion

As time goes on, there is a chance that a rare event occurs such that the 
magnitude of a waiting time is comparable to the total observation time!

Because there is no characteristic waiting time (<𝛕>=∞), the occurrence of such 
rare events is scale-free. No matter how long your observation time is, you have a 
chance to meet a waiting event comparable to your observation time. 
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• Weak ergodicity breaking (WEB)

Think about a subdiffusive CTRW process in a bounded domain. Because of the 
mean-free waiting times, on average it will take infinite time to explore the whole 
space. This means that “ensemble-averaging” ≠ “time-averaging” → Ergodicity is 
not fulfilled for this model. It is referred to as “weak” ergodicity breaking in the 
sense that ergodicity breaking is weak (requiring infinite time to explore the phase 
space). 


⇨ The subdiffusive CTRW process is a non-equilibrium dynamic model (e.g. traps). 


Comment: One can construct a CTRW process with 𝜶>1. Then there is no extreme 
behavior w.r.t. time. As shown, this process becomes an ordinary random walk. 
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• Typical profile of P(x,t) 

from Metzler & Klafter, Phys Rep 339, 1 (2000)

<latexit sha1_base64="QUrEC0Z5LhYphklh5czEXT3OdrI="></latexit>

↵ = 1/2
<latexit sha1_base64="vMmaXi3CSLd7cEYd5pdV0lAcKXg="></latexit>

P (x, t)
<latexit sha1_base64="Mh7d0GhknCMOhjTx26LgUxasq6g="></latexit>

t = 0.1, 1, 10

A cusp at x=0: distinct from a Gaussian PDF of ordinary random walks. The cusp is 
due to the diverging long waiting events.

For                       , the profile has a stretched exponential form.
<latexit sha1_base64="LIr++nHlFifywcxY8EDX2ZURqKs=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJVEFF0WFHRZwV6gqWEynaRDJxdnTsSSduvGV3HjQhG3voE738Zpm4W2/jDw8Z9zOHN+LxFcgWV9G4WFxaXlleJqaW19Y3PL3N5pqDiVlNVpLGLZ8ohigkesDhwEayWSkdATrOn1z8f15j2TisfRDQwS1glJEHGfUwLack08fBhiJwiwo+4kZBeuQ0TSIxhupzByzbJVsSbC82DnUEa5aq755XRjmoYsAiqIUm3bSqCTEQmcCjYqOaliCaF9ErC2xoiETHWyySUjfKCdLvZjqV8EeOL+nshIqNQg9HRnSKCnZmtj879aOwX/rJPxKEmBRXS6yE8FhhiPY8FdLhkFMdBAqOT6r5j2iCQUdHglHYI9e/I8NI4q9knFuj4uVy/zOIpoD+2jQ2SjU1RFV6iG6oiiR/SMXtGb8WS8GO/Gx7S1YOQzu+iPjM8fkXyaRQ==</latexit>

|x| �
p

D↵t↵
<latexit sha1_base64="kMxppXumtziqUpXbMGR6vSOgILE="></latexit>

P (x, t) ⇠ 1

t↵/2
exp


�1

2

⇣ x

t↵/2

⌘2/(2�↵)
�
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2.2 Levy flights
• Condition: the variance of step lengths diverges while the mean waiting time 

exists.

• Consider the case that the step length PDF is the symmetric 𝛼-stable density. 

see lecture note on the symmetric 𝛼-stable density

<latexit sha1_base64="peSmHQzGQp8LK2htYyH1fxRMWTU="></latexit>

�(k) = Lµ,0(k) = exp

✓
��µ

2
|k|µ

◆ <latexit sha1_base64="YuWaWQm1HztqDvIw8n2x87aJ5Qk="></latexit>

⇡ 1� �µ

2
|k|µ (k ! 0)
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�(x) ' �µ

2|x|1+µ
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(x ! 1)
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0 < µ < 2
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0 < µ < 2
<latexit sha1_base64="Dqx4tkY2Xi/wQMiqPcfUOt6qE3c="></latexit>

h�x2i = 1⇨

• P(x,t) 
<latexit sha1_base64="+ltD3wMBSoPSMmUHrDhPmJbubJc="></latexit>

P (k, u) =
1

u+ �µ

2⌧ |k|µ
=

1

u+Dµ|k|µ ⇨

<latexit sha1_base64="5FGwMiyM371MDh9ZQBo8rUVU2V0="></latexit>

 (u) = 1� ⌧u, (h⌧i ⌘ ⌧)
Generalized diffusivity


[length]^𝜇/[time] 

<latexit sha1_base64="5O0XkJKW7jYFDiYVKoVUbOUdSFA="></latexit>

P (k, t) = exp(�Dµ|k|µt)



<latexit sha1_base64="07yqNDeeSGoy3SYQymSiKhwoyoQ="></latexit>

µ = 1
2D motion
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⇨

<latexit sha1_base64="UFx8I61hbinEajAxl1oleUCLjB8="></latexit>

P (x, t) ' Dµt

|x|1+µ

<latexit sha1_base64="UPkI7gcPpmNqbteJrbjnZk6OW6g="></latexit>

0 < µ < 2

long jump

Long jumps sometime occur during the process, which makes 

Such moment-free jumps make this process called Levy flight. It is not a walk but 
a flight. Caution: In the scheme of CTRW, the jump is instantaneous, so such long 
jumps may be unphysical (faster than the speed of light). This is the reason why 
Levy walk model is introduced. 

<latexit sha1_base64="slHq16Y/UOgsHt2SQe9AB5miAfE="></latexit>

hx2(t)i = 1
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3. Space-time coupled CTRWs
3.1 Levy walks

from Zaburdaev, Denisov, & Klafter, Phys Mod Phy 87, 483 (2015)

• Now consider a joint probability that the jump and wait events are coupled.
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 (t)�(x)
<latexit sha1_base64="HU9xgmAOAXLTrTYUiz+VkHCM8fo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVRY8BD3qMYB6ShDA7mU2GzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dfiyFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3USJZrzGIhnppk8Nl0LxGgqUvBlrTkNf8oY/vJ74jUeujYjUPY5i3glpX4lAMIpWemjHRpSeTvGkWyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNODx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j3pCc0ZypEllGlhbyVsQDVlaDPK2xC8+ZcXSf2s7F2U3bvzYuUmiyMHh3AEJfDgEipwC1WoAYMQnuEV3hztvDjvzsesdcnJZg7gD5zPHw4lj+4=</latexit>

 (x, t)

conventional space-time 
coupled PDF

<latexit sha1_base64="xBxw92BhDJq1nXgLv+/qG7a8ZUk="></latexit>

=  (t)�(x|t)



• We repeat the same procedure developed in the conventional CTRW process. The 
PDF 𝜂(x) that a random walker just have arrived at position x at time t.  

• Now we consider the PDF P(x,t) such that the particle is found at position x at time 
t, which can be written as: 

survival time
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<latexit sha1_base64="7sjVEqE+SCOENBMfGoSqWS5J2FQ="></latexit>

⌘(x, t) =

Z 1

�1
dx0

Z t

0
dt0⌘(x0, t0) (x� x0, t� t0) + �(x)�(t)

<latexit sha1_base64="NTtlmDI/xxkPzdGFNGtksMDa8nA="></latexit>

⌘(k, u) =
1

1�  (k, u)

<latexit sha1_base64="MsO1/scjpz9UPLlo8AQYYTljwZo="></latexit>

P (x, t) =

Z
dx0

Z t

0
dt0⌘(x0, t0) (x� x0, t� t0)

<latexit sha1_base64="yGMOcacZbjbUiz8cOstYLm8XPvY="></latexit>

P (k, u) =
 (k, u)

1�  (k, u)



• For the Levy walk, we consider the following the joint probability: 

particle’s displacement for given t is |v|t 
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<latexit sha1_base64="LtUzQ5DGTaLRhuc/s3teWahARTU="></latexit>

 (x, t) =  (t)�(x|t)
<latexit sha1_base64="0uM9rbp9ZQQk9DZs0YVoz0+oe0Y="></latexit>

=
1

2
�(|x|� vt) (t)

A particle performs a random walk with a constant velocity ±v & the waiting times t 
with their PDF 𝜓(t).

(v, t1) (�v, t2) (v, t3)

(�v, t4)

(v, t5) (�v, t6) (�v, t7)x
(t
)

t

flight time PDF

~~~~~~~~~

<latexit sha1_base64="MGKCXoJYkRTKSFT1ccEdA5n7z+w="></latexit>

 (t) / 1

t1+↵

<latexit sha1_base64="oLw9jwhq//PHmTfOkTJXkCNQnSA="></latexit>

0 < ↵ < 2 ⇨

<latexit sha1_base64="th62bxHvmmtOjxxJgDROcnWIOus="></latexit>

�(x) / 1

|x|1+↵
<latexit sha1_base64="+AEswoi1JGl7UgYWvyAtP2g1Cz8="></latexit>

x = ±vt
with a constraint
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• The survival joint probability 
<latexit sha1_base64="4T+bh4NJ6XA1oIKG2hD9qe3sHh8="></latexit>

 (x, t) =
1

2
�(|x|� vt)

Z 1

t
 (t0)dt0

<latexit sha1_base64="jIi9vjN/goKDdrOMqH3lfgmgj5E="></latexit>

 (k, u) =
1

2

Z Z
e�ut+ikx[�(x� vt) + �(�x� vt)] ̃(t)dxdt

<latexit sha1_base64="t9SgWjQXvfoRmtxGcoNEktScSJQ="></latexit>

=
1

2
[ ̃(u+ ikv) +  ̃(u� ikv)] = Re ̃(u+ ikv)

<latexit sha1_base64="tuHjU+srSFD1noCDGG/9YAe5GEY="></latexit>

 ̃(u) =
1�  (u)

u

• Levy walks with 1<𝜶<2: a superdiffusive Levy walk
<latexit sha1_base64="7Fs5ekCdiGZffI9MLeXbXpxvC8o="></latexit>

hti ⌘ ⌧ < 1
<latexit sha1_base64="czUF+hBnGSwdTHXv8weqw6U7LFo="></latexit>

ht2i ⇠ hx2i = 1

<latexit sha1_base64="UjyNFloQaRC6rp5xUKj93menUnQ="></latexit>

 (k, u) = 1� ⌧u� C1u
↵ +

C1↵(↵� 1)k2v2

2
u↵�2 + · · ·

<latexit sha1_base64="7iWubx73ys0/rCun7of0n0hyPGI="></latexit>

⇡ 1� ⌧u+
C1↵(↵� 1)k2v2

2
u↵�2

 (u) = 1� ⌧u� C1u
↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="X8IGBq8uGrMCCtP5/ALdQtJkVxw="></latexit>

kv ⌧ u $ vu�1 ⌧ k�1small-k expansion



51

 (k, u) = ⌧ +
1

2
C1[(u+ ikv)↵�1 + (u� ikv)↵�1]

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡ ⌧ + C1u
↵�1 � C1(↵� 1)(↵� 2)k2v2

2
u↵�3

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Ensemble-averaged MSD

hx2(u)i = �@2
kP (k, u)|k=0 = 2D↵u

�1�↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Using the Tauberian theorem

P (k, u) ⇡ u�1 � C2k
2u↵�4

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2C2u
↵�4

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hx2(t)i = 2D↵

�(1 + ↵)
t↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2C2

�(4� ↵)
t3�↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1 < ↵ < 2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

at large t
Superdiffusion

<latexit sha1_base64="X8IGBq8uGrMCCtP5/ALdQtJkVxw="></latexit>

kv ⌧ u $ vu�1 ⌧ k�1
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Ballistic front (|x|=vt)
<latexit sha1_base64="C1eoqSxWgB8wPdhEWKENaychIds="></latexit>

Pfront(x, t) =
1

2
 (t)�(|x|� vt)

Gaussian center

Levy-flight tail
<latexit sha1_base64="POIDyOcODwXjQBzXoF/hXRJHjxI="></latexit>

P (x, t) / t

|x|1+↵
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• Levy walks with 0<𝜶<1: a ballistic Levy walk

hti = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ht2i = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 (u) = 1� C1u
↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 ̃(u) = C1u
↵�1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P (k, u) =
1

u

C1u↵ � (↵� 1)(↵� 2)k2v2u↵�2/2

C1u↵ � ↵(↵� 1)k2v2u↵�2/2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hx2(t)i ' (1� ↵)v2t2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

at large t

Ballistic diffusion
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Ballistic front (x=vt)
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• For all 𝜶>2: the random walks become Gaussian (the CLT)

from Zaburdaev, Denisov, & Klafter, Phys Mod Phy 87, 483 (2015)

Anomalous exponent

� = ↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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4. Fractional diffusion equations

4.1 Riemann-Liouville derivatives
• Heuristic approach of fractional-order differentiation

For integers m, n with m ≥ n
<latexit sha1_base64="o6Z4yXF+xcVa6bAT1cQkwSXWdQ8=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUxDIjim6Egou6rGAf0BeZTKYNTTJDkpGWYb7Gjb/ixkVFxJ2fYtoOotUDgXPPuZebe9yQUaVt+8PKLC2vrK5l13Mbm1vbO/ndvboKIolJDQcskE0XKcKoIDVNNSPNUBLEXUYa7vBm6jceiFQ0EPd6HJIOR31BfYqRNlIvf932JcKx1xVw1OVJ7I26IknFdgVxjor8xDlOvotTMS1H3diwpJcv2CV7BviXOCkpgBTVXn7S9gIccSI0ZkiplmOHuhMjqSlmJMm1I0VChIeoT1qGCsSJ6sSzMxN4ZBQP+oE0T2g4U39OxIgrNeau6eRID9SiNxX/81qR9q86MRVhpInA80V+xKAO4DQz6FFJsGZjQxCW1PwV4gEyEWmTbM6E4Cye/JfUz0rORcm+Oy+UK2kcWXAADkEROOASlMEtqIIawOARPIMJeLWerBfrzXqft2asdGYf/IL1+QUXMqWB</latexit>

dnxm

dxn
=

�(m+ 1)

�(m� n+ 1)
xm�n

For real values 𝜇, 𝜈 with 𝜇 ≥ 𝜈
<latexit sha1_base64="zr8Dsq1qErCLyNSuC7lfO5rDhvQ="></latexit>

d⌫xµ

dx⌫
=

�(µ+ 1)

�(µ� ⌫ + 1)
xµ�⌫⇨

Application to some functions
<latexit sha1_base64="BvtsVoQ27JOGYY0uig+4H6l/B9A="></latexit>

d⌫

dx⌫
e�x =

d⌫

dx⌫

1X

n=0

(�t)n

�(n+ 1)
= (�1)⌫e�x HW:  show this using incomplete gamma function

<latexit sha1_base64="pDD5uDS0x4GkdAT4T0/EdHX74IU="></latexit>

d⌫

dx⌫
1 =

1

�(1� ⌫)
x�⌫

only zero for natural values of 𝜈.

fractional derivative of exponential is exponential.



58

• Riemann-Liouville fractional integral

Let us recall the Cauchy formula of n-fold repeated integration (n≥1):
<latexit sha1_base64="cbdUGBvxXN3hctJnvypp1dxJa/A="></latexit>Z t

a

Z t1

a
· · ·

Z tn�2

a

Z tn�1

a
f(tn)dtndtt�1 · · · dt2dt1 =

1

(n� 1)!

Z t

a
(t� t0)n�1f(t0)dt0

Generalizing this formula, we define fractional-order integral by the following way:  

<latexit sha1_base64="RWURiJ2nYnf9mqjNhwpFlfUH0xE="></latexit>

aI
↵
t f(t) =

1

�(↵)

Z t

a
(t� t0)↵�1f(t0)dt0 for real value 𝜶>0

<latexit sha1_base64="OX/yM+51aHsQ/Pv5zHhDTfpwn+4="></latexit>

aI
n
t f(t)

<latexit sha1_base64="vBo4VcxQMIW0uZ3OZWbiV+okLhk="></latexit>⌘

start point end point

order
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• Riemann-Liouville fractional derivative

Fractional derivative is defined from the fractional integral by the following way:

<latexit sha1_base64="NyrPZU2amoXtGS2zM+hXQgUCiXQ="></latexit>

aD↵
t f(t) =

dn

dtn
aI

n�↵
t f(t) <latexit sha1_base64="8P5/P0MA0//m2nhwzGDC5Dm0mbs="></latexit>

n� 1  ↵ < n

integerstart point

NOTE: the fractional derivative needs the starting point of evaluation.

the variable of 
differentiation

with

Using this, let us write down the fractional derivative for 0<𝜶<1.

(we mostly use 𝜶 in this range of values; e.g., the one-sided Levy PDF of waiting times)

<latexit sha1_base64="C3/dXmaFdtL3F06cwHIw2D2j/zk="></latexit>

aD↵
t f(t) =

d

dt

1

�(1� ↵)

Z t

a
(t� t0)�↵f(t0)dt0
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Note that the fractional derivative is a non-local operator. The outcome of the 
operation depends on the starting point.

• Examples (& Exercise)

<latexit sha1_base64="EYlnAjo87mym48Gy5K8c64L0ilk="></latexit>

0D↵
t t

µ =
dn

dtn
0I

n�↵
t tµ

HW:  show this using beta function

Consistent result with the heuristic approach 
above.

<latexit sha1_base64="8P5/P0MA0//m2nhwzGDC5Dm0mbs="></latexit>

n� 1  ↵ < n

<latexit sha1_base64="4h6MTd3e9IZKDylSHHDeViieouE="></latexit>

=
dn

dtn
1

�(n� ↵)

Z t

0
(t� z)n�↵�1zµdz

<latexit sha1_base64="0WdN5fXh77CPkroCtH/3Xv2rHmY="></latexit>

=
�(µ+ 1)

�(µ� ↵+ 1)
tµ�↵

NOTE: However, we may get a different result if the staring point a is not zero.

Power-law functions

To see this, look at the next example.

0D↵
t 1 =

1

�(1� ↵)
t�↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="7yflhGLoZgA2aVVKtgsO/JzarMA="></latexit>

0D↵
t e

t = et
�(�↵, t)

�(�↵)
HW:  show this 

Exponential functions

<latexit sha1_base64="PJXfhkGACSrMIiLLrWltYknyE/Y="></latexit>

�(a, z) =

Z z

0
ta�1e�tdt

where incomplete gamma function is

In this case, fractional derivative of exponential function is not exponential.
<latexit sha1_base64="mX2/2ZVaB3JGGC8KAyuCWsdm8EQ="></latexit>

�1D↵
t e

t = et

HW:  show this 

A special case: Riemann-Liouville derivative with a→-∞, called the Weyl 
derivative, which gives exponential function.

• Laplace transform

When the starting point is 0, the Laplace transformed form of the R-L integro-
differential operators is obtained.
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<latexit sha1_base64="W8mrr4ii5xYpd3afA01QvN5IjNw="></latexit>

= u�↵f(u)
HW:  show this using convolution and the 

Gamma function

for 𝜶>0

fractional derivatives with 0<𝜶<1
<latexit sha1_base64="lmFNlvDRAvbT6TeR3wqrk3bKzDo="></latexit>

= u↵f(u)

HW:  show this

NOTE: information on f(t=0) is not involved.

<latexit sha1_base64="5uUenU/7gYxKo7v5WOQZ2Cy6rkA="></latexit>

L[0D↵
t f(t)] = L


d

dt

1

�(1� ↵)

Z t

0
(t� t0)�↵f(t0)dt0

�

<latexit sha1_base64="tdOg0jNqTaxPV7xxJS6U+/ttAWA="></latexit>

L[0I
↵
t f(t)] = L


1

�(↵)

Z t

0
(t� t0)↵�1f(t0)dt0

�

• Fourier transform
<latexit sha1_base64="YicpQ+4iBKA1T+D3yB4NI/Z9p5Q="></latexit>

F [�1D↵
xf(x)] = (ik)↵f(k)
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4.2 Subdiffusive CTRW
• Recall the Laplace-Fourier transformed PDF

<latexit sha1_base64="EM0/hhxDXd3+9a2BJ83i29sAUK8="></latexit>

P (k, u) =
P0(k)

u+ k2h�x2i
2⌧↵ u1�↵

=
P0(k)

u+ k2D↵u1�↵

<latexit sha1_base64="PIzolWXUi5dfopw2a5ChjfjOsRI="></latexit>

uP (k, u)� P0(k) = �k2u1�↵D↵P (k, u)

<latexit sha1_base64="cU69UtNAeA1NKdHuO+ZcsfPHl+s="></latexit>

0 < ↵ < 1

<latexit sha1_base64="cU69UtNAeA1NKdHuO+ZcsfPHl+s="></latexit>

0 < ↵ < 1

<latexit sha1_base64="+tjSBCrAJUWu33CpJX7kXRizQTs="></latexit>

= �(x) (for P (x, t) = �(x)�(t))

<latexit sha1_base64="lmFNlvDRAvbT6TeR3wqrk3bKzDo="></latexit>

= u↵f(u)

<latexit sha1_base64="5uUenU/7gYxKo7v5WOQZ2Cy6rkA="></latexit>

L[0D↵
t f(t)] = L


d

dt

1

�(1� ↵)

Z t

0
(t� t0)�↵f(t0)dt0

�
using

<latexit sha1_base64="rCTir+ak3/ph1JQSj6zste4MSAw="></latexit>

uP (x, u)� P0(x) = D↵u
1�↵ @2

@x2
P (x, u)

<latexit sha1_base64="oM2RsXsG1IDp3+wA0f86eD2rcxI="></latexit>

@

@t
P (x, t) = 0D1�↵

t D↵
@2

@x2
P (x, t)

fractional diffusion eq.
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<latexit sha1_base64="cU69UtNAeA1NKdHuO+ZcsfPHl+s="></latexit>

0 < ↵ < 1

<latexit sha1_base64="nuZPsZ7kuZLPlKRJIyN2AZfbCtY="></latexit>

@

@t
P (x, t) =

D↵

�(↵)

@

@t

Z t

0
(t� t0)↵�1 @

2P (x, t0)

@x2
dt0

Alternatively, we can write down the same fractional equation in this way:
<latexit sha1_base64="BTpWq5iRNoQ4xIXOWLZmT+OPyFk="></latexit>

P (x, u)� �(x)/u = D↵u
�↵ @2

@x2
P (x, u)

<latexit sha1_base64="0dP1Y24G+63mfc9uvZiOlIbE7Hg="></latexit>

P (x, t)� �(x) = 0D�↵
t D↵

@2

@x2
P (x, t)

<latexit sha1_base64="aO10a1lvWFqn09YN5oKq7gK/vm4="></latexit>

⌘ 0I
↵
t

More generally, we can suggest the following fractional diffusion equation in the 
presence of potential (next page).

0D↵
t P (x, t)� t�↵

�(1� ↵)
�(x) = D↵

@2

@x2
P (x, t)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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4.3 Fractional Fokker-Planck equation
<latexit sha1_base64="5z0LKdJVHztXa8GhYILdP6S7m0E="></latexit>

@

@t
P (x, t) = 0D1�↵

t


�µ↵

@

@x
F (x) +D↵

@2

@x2

�
P (x, t)

generalized mobility external force
<latexit sha1_base64="aiJopz+Jq+cJPz7qq11XaVJ4UMM="></latexit>

= 0D1�↵
t


µ↵

@

@x
U 0(x) +D↵

@2

@x2

�
P (x, t)

external potential U(x)

<latexit sha1_base64="02kPwcU/VHZeNksnfSJBVIYI+1M="></latexit>

= 0D1�↵
t LFP (x)P (x, t)

• Equilibrium distribution (at t →∞)

<latexit sha1_base64="GGw7pwmxdOe5cOzaMhhIozO/V9c="></latexit>

Pst(x) = N exp

✓
� µ↵

D↵
U(x)

◆

confining potential
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• Generalized Stokes-Einstein relation

<latexit sha1_base64="XqWK1R55GCb5rL2Qqb/wVkF4Yog="></latexit>

D↵ = µ↵kBT
<latexit sha1_base64="VbGeAr09Ga0iBc4ZtPGG0pKlaYA="></latexit>

exp

✓
� µ↵

D↵
U(x)

◆
= exp (�U(x)/[kBT ]) ⇨

<latexit sha1_base64="Jz8tRzLJzbr8QOghFypuzHTz2a4="></latexit>

=
kBT

�↵

• Under a constant force (fractional diffusion-advection equation)
<latexit sha1_base64="kEhFuVAS+GCNxad0qQVG3Ro0tKA="></latexit>

@

@t
P (x, t) = 0D1�↵

t


�V↵

@

@x
+D↵

@2

@x2

�
P (x, t)

Galilei variant

<latexit sha1_base64="N0NEEvsJbQJIKmn2sch7VnX1tVg="></latexit>

V↵ = µ↵F



67

<latexit sha1_base64="MtPD12Yl7xrpMwxJHTuy8P+x03o="></latexit>

hx(t)i = V↵t↵

�(1 + ↵)

<latexit sha1_base64="rmaP6vQDQoCPVLH2/Pvh5S06jbA="></latexit>

hx2(t)i = 2V 2
↵ t

2↵

�(1 + 2↵)
+

2D↵t↵

�(1 + ↵)

<latexit sha1_base64="/NEKYOAqiYL+HgP+Bumquryg1qc="></latexit>

h�x2(t)i = 2D↵t↵

�(1 + ↵)
+

✓
2

�(1 + 2↵)
� 1

�2(1 + ↵)

◆
V 2
↵ t

2↵
<latexit sha1_base64="hALWWq/PDgePql1Hr5cZQ6nZ46M="></latexit>

6= hx2(t)i0
Galilei variant

<latexit sha1_base64="r/NeaTT7lyPlsQqi7x9wt3x7KUs="></latexit>

hx(t)iF =
1

2

µ↵F

D↵
hx2(t)i0 =

F

2kBT
hx2(t)i0

Generalized 2nd Einstein relation is satisfied. ⇨
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4.4 Eigenfunction expansion method 

<latexit sha1_base64="5z0LKdJVHztXa8GhYILdP6S7m0E="></latexit>

@

@t
P (x, t) = 0D1�↵

t


�µ↵

@

@x
F (x) +D↵

@2

@x2

�
P (x, t)

<latexit sha1_base64="02kPwcU/VHZeNksnfSJBVIYI+1M="></latexit>

= 0D1�↵
t LFP (x)P (x, t)

Fractional FPE with a time-independent force

• We look for the solution of FFPE in the form of eigenfunction expansion
<latexit sha1_base64="GKKr1Pn/CBqiUS2CA0r7AY8ISjI="></latexit>

P (x, t) =
1X

n=0

An(x0, t0)�n(x)Tn(t)

separation of variables

• Here,            is an eigenfunction satisfying
<latexit sha1_base64="pNzaNeOBnfHN8NFf0Oela6uU2nM="></latexit>

LFP�n(x) = ��n�n(x)

<latexit sha1_base64="E1qeSbdfS0ytHR2jvhEvTW25db4="></latexit>

�n(x)

eigenvalue

(In this lecture, we do not go over the general method of solving the above eigenvalue equation of a 
given Fokker-Planck operator. For this part, see some standard textbooks (e.g., Stochastic Methods 
(Gardiner), Fokker-Planck equation (Risken), etc).
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• Then we have the eigenvalue equation for time part:
<latexit sha1_base64="vCMEAp5+X7FSnEY+G/BDL+Mp8zg="></latexit>

d

dt
Tn(t) = ��n 0D1�↵

t Tn(t)

In Laplace space:
<latexit sha1_base64="wOGe4bMCVFQLDA8eUY65uYw0Pjc="></latexit>

uTn(u)� Tn(0) = ��nu
1�↵Tn(u)

⇨

<latexit sha1_base64="YIV9SE+yP37pK5ltK6/+CXjQteo="></latexit>

Tn(u) =
1

u+ �nu1�↵

initial value = 1

<latexit sha1_base64="nPcbvxbAmojqLyMrdG+2HmzfTyY="></latexit>

Tn(t) = E↵(��nt
↵)⇨

inverse Laplace (Mittag-Leffler function)

<latexit sha1_base64="XRn8sb87WWrp/jXlgewtllT3SQ8="></latexit>

↵ = 1 : Tn(t) = exp(��nt)

<latexit sha1_base64="ct8GgLm3GSv7r/WrYSB75WxshmQ="></latexit>=

<latexit sha1_base64="60Q3xI1OzzwRdREEQSZLxhAg1wM="></latexit>

exp

✓
� ��nt↵

�(1 + ↵)

◆

<latexit sha1_base64="t5nowIn8HDLiJBshnVziO0CQHh8="></latexit>

1

�(1� ↵)�nt↵

As we found in P(k,u) (subdiffusive 
CTRW), each mode has a strange 

relaxation descried by Mittag-Leffler 
functions —> long relaxation!  

stretched exponential

(short-time)

power-law

(long-time)
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• Recall P(x,t) in the form of the eigenfunction expansion (in the ordinary FPE) 
<latexit sha1_base64="PQYTxGItu5YyY/o330863Nui/mk="></latexit>

P (x, t) = e[�(x0)��(x)]/2
1X

n=0

 n(x) n(x0)e
��nt

where
<latexit sha1_base64="4JPrc0bIq/mWnYa4+QL6/D4kZe8=">AAAJK3ictVZLb9NAEHZ5JYRXC0cuK6oIW2la2wKBkCy1EFIOCAWpaStlE2vjbBKrtmPsNUpkbX8PF/4KBzjwEFf+B2uv7bipW1IElpKMZ79v5tuZWcd91zJ9IsvfVy5dvnL1Wql8vXLj5q3bd1bX7u77k8AzcNuYWBPvsI98bJkObhOTWPjQ9TCy+xY+6B+9iNYP3mPPNyfOHpm5uGujkWMOTQMR5tLXSjtVOPSQEUIXecREFs0sQGhLnG4QSQPHugygjcjYQFbYoDrphUodIssdIwotPCSdOrQDnXvAmQGntClOpVqjGNhT81B2Bz1zNCZdwFVUqsvoWE5G++H/0zFfeE31sNmiLFXK/Del3 </latexit>

Pst(x) = N e��(x) and        is the eigenfunction of a Hermitian operator

and

<latexit sha1_base64="3JtMh0cDOhYDZc45PVb72EJ8O4Y="></latexit>

 n
<latexit sha1_base64="OaZtv1ieM5tJPJyMH9Si23vk6Ow="></latexit>

Ls = �e�/2LFP e
��/2

<latexit sha1_base64="JjrZ+2359uOSugeQO38bTnJFlV8="></latexit>

= �D↵
@2

@x2
+D↵[

1

4
(�0(x))2 � 1

2
�00(x)]<latexit sha1_base64="kJ3jyhrTzJXGDFRQrvcDgS8WKKk="></latexit>

Ls n = �n n

<latexit sha1_base64="WM49DpjGB6yTPB+FoR96KuJXLqU="></latexit>

 n = e�/2�n(x)&

• Replacing the time part, we have

<latexit sha1_base64="nAKb5sppetKQN+RbdlE4MxNqiIs="></latexit>

P (x, t) = e[�(x0)��(x)]/2
1X

n=0

 n(x) n(x0)E↵(��nt↵)
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• Example: The fractional harmonically bound particle
(We skip the derivation of solving the FPE for a Brownian particle in a harmonic trap; see Gardiner)

<latexit sha1_base64="Avfwz7ZsTL8ysPDCqMzUkp69RWY="></latexit>

U(x) =
1

2
m!2x2

<latexit sha1_base64="RizNeqvpj4WXO+sUsMzw4KYR9GI="></latexit>

P (x, t|x0) =

s
m!2

2⇡kBT

X

n

E↵[�n(t/⌧)↵]

2nn!
Hn(

x̃0p
2
)Hn(

x̃p
2
)e�x̃2/2

<latexit sha1_base64="wfuIBw9FKjoo9WcPljdEXPw3ycQ="></latexit>

x̃ = x
p
m!2/[kBT ]

<latexit sha1_base64="Yz7f7gUFaLoAsJRlGQHlxhI6750="></latexit>

⌧�↵ = m!2/�↵where &
Hermite polynomial

<latexit sha1_base64="IMsqUzLMPmb63B3VRb0N9cElRAM="></latexit>

Pst(x) =

s
m!2

2⇡kBT
exp

✓
�m!2x2

2kBT

◆

At t→∞: the particle is fully equilibrated (NB: even though the mean 
waiting time is diverging, the system is thermalized after infinite time.

(We called it weak ergodicity breaking in earlier our lecture).

⇨
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<latexit sha1_base64="aiJopz+Jq+cJPz7qq11XaVJ4UMM="></latexit>

= 0D1�↵
t


µ↵

@

@x
U 0(x) +D↵

@2

@x2

�
P (x, t)

<latexit sha1_base64="5z0LKdJVHztXa8GhYILdP6S7m0E="></latexit>

@

@t
P (x, t) = 0D1�↵

t


�µ↵

@

@x
F (x) +D↵

@2

@x2

�
P (x, t)

<latexit sha1_base64="ZHy6qtTtfxM71BqYDfRFcvE0mZ8="></latexit>

t = 0.02

<latexit sha1_base64="UTo06jO3qcjiRSxD63zFOqzg/6I="></latexit>

t = 0.2<latexit sha1_base64="e9wdfOvVN5MvLVy7r5tXYFATkT4="></latexit>

t = 20

<latexit sha1_base64="nB1oVwfPe3BcCfN66eSdj1KbfA8="></latexit>

P0(x) = �(x0 � 2)

<latexit sha1_base64="aIokzIwNkvWCtKuwOZo7Cmzv8z8="></latexit>

P !
Z

xnP (x, t)dxIn the above FFPE

⇨
<latexit sha1_base64="+s3dAfbzSixUzWQbnpq/O73m0h4="></latexit>

hx(t)i = x0E↵[�(t/⌧)↵]

<latexit sha1_base64="ekP1RaXofUIxVNx2//PqlD+wvm8="></latexit>

hx2(t)i = x2
th + (x2

0 � x2
th)E↵[�2(t/⌧)↵]⇨

d

dt
hx(t)i = � 0D1�↵

t mµ↵!
2hx(t)i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Langevin equation for FFPE

<latexit sha1_base64="dtqC9G0mA85AV6brc8dEyJxSqjM="></latexit>

P (x, t) =
1X

n=0

Pn(x)Qn(t)

<latexit sha1_base64="Ah8ruM81f0+kY74ghG6JtUlBKrg="></latexit>

=

Z 1

0
P1(x, s)E↵(s, t)ds

<latexit sha1_base64="aXjnJSmIvuneSX/y3hLNOEu9QoI="></latexit>

E↵(s, t) =
⌧1/↵t

↵s1+1/↵⌧
L↵,0

✓
t

(s⌧↵�1)1/↵

◆
By matching L.H.S and R.H.S in the Laplace-Fourier space

<latexit sha1_base64="lxdZCJO6VcSKY3WQSSPLtIwJSoI="></latexit>

dx(s)

ds
=

D

kBT
F (x) + ⌘(s)

<latexit sha1_base64="ms9it6tUH5gqOtjb6nn2oPTiCF4="></latexit>

dt(s)

ds
= !(s)

Idea of subordination

Coupled Langevin equation (Forgedby 1994)
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• Ensemble-averaged (EA) mean squared displacement (MSD)

hx2(�)i =
Z

x2P (x,�)dx ' 1

N

NX

i=1

x2
i (�)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Time-averaged (TA) mean squared displacement (MSD)

lag time
Length of observation time

�2(�, T ) =
1

T ��

Z T��

0
[x(t+�)� x(t)]2dt

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

h�2(�, T )i = 1

N

NX

i=1

�2i (�, T )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

EA TAMSD (fluctuation-free):
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h�2(�, T )i = 1

T ��

Z T��

0
h[x(t+�)� x(t)]2idt

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

h�x2ihn(t+�, t)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

~~~~~~~~~~~~~~~~~~~~~~
⇨

• Normal diffusion

hn(t+�, t)i = hn(t+�)i � hn(t)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇨

h�x2ihn(t+�, t)i = h�x2i�
⌧

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

h�2(�, T )i = 2h�x2i�
2⌧

= 2D�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hx2(�)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇔
Ergodicity is satisfied.
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• Subdiffusive CTRW processes  (t) ⇠ ↵

�(1� ↵)

⌧↵

t1+↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 < ↵ < 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="p1piYzVUTaDISbYUGOX/VYty1Dw="></latexit>

hn(t)i = 1

�(1 + ↵)

t↵

⌧↵
Using

<latexit sha1_base64="xTeosf1ia1JF6CBWSHtoaTmiSLk="></latexit>

h�2(�, T )i = 1

T ��

h�x2i
⌧↵�(1 + ↵)

Z T��

0
[(t+�)↵ � t↵]dt

we can obtain the TA MSD as such:

<latexit sha1_base64="GdU6g4mx0w65zOVwisStw3jwB3I="></latexit>

' 2D↵

�(1 + ↵)

�

T 1�↵

<latexit sha1_base64="RHzECWdg0+Zi1a1mr12ggQF/cr4="></latexit>

� ⌧ T

Weak ergodicity breaking

<latexit sha1_base64="PBVkyAzbMV+MEKaU7cbHyjM390A="></latexit>

6= hx2(�)i
<latexit sha1_base64="xTeosf1ia1JF6CBWSHtoaTmiSLk="></latexit>

h�2(�, T )i = 1

T ��

h�x2i
⌧↵�(1 + ↵)

Z T��

0
[(t+�)↵ � t↵]dt

<latexit sha1_base64="IdgbkUb/Ses93RXwxArjo96DL/k="></latexit>

=
2D↵

�(1 + ↵)
�↵
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• By measuring TA MSDs (e.g. single-particle tracking experiments), we 
seemingly observe a Fickian dynamics for the subdiffusive CTRW process. 

<latexit sha1_base64="xTeosf1ia1JF6CBWSHtoaTmiSLk="></latexit>

h�2(�, T )i = 1

T ��

h�x2i
⌧↵�(1 + ↵)

Z T��

0
[(t+�)↵ � t↵]dt

<latexit sha1_base64="GdU6g4mx0w65zOVwisStw3jwB3I="></latexit>

' 2D↵

�(1 + ↵)

�

T 1�↵

<latexit sha1_base64="Hk4LB9yjbtJ836fy2D1B+Qn23Qw="></latexit>

⌘ 2De↵(T )�

aging effect

• However, this process is different from ordinary Fickian dynamics (normal 
diffusion) in the sense that the effective diffusivity depends on the 
observation time T. 

• Aging effect:
<latexit sha1_base64="qT2TDdQrPVjZnMcsz9ZPx2h/cxU="></latexit>

De↵(T ) ! 0 as
<latexit sha1_base64="U9tAFGoLuhDWTH5n8zbwtHlZWH0="></latexit>

T ! 1
The process looks slower as we observe it with longer observation time T.

<latexit sha1_base64="Sar5mN+zzefavO2Oy73n51Tm478="></latexit>

↵ ! 1 : no aging (normal diffusion) 
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* PROJECT

• Confined subdiffusive CTRW processes were shown to have TA MSD of the 
following form:  

<latexit sha1_base64="IlLskozVZtaLXO2CuNQXBakpNHU="></latexit>

h�2(�, T )i ⇠ (hx2iB � hxi2B)
2 sin(⇡↵)

(1� ↵)⇡↵

✓
�

T

◆1�↵

thermal average with (         ) <latexit sha1_base64="OY3KDOubOfea6M+diYKptlPV9ck="></latexit>

Pst(x)

<latexit sha1_base64="PkPUqbHiuIQu1SNDQIEkIcAI3Eg="></latexit>

(1/[D↵�1])
1/↵ ⌧ � ⌧ Tlag time:

the lowest eigenvalue of 
<latexit sha1_base64="Wsi2t/RRyDCEpGF0JNd9ruXpR4k="></latexit>

LFP

• Seemingly, TA MSD does not saturate towards the thermal value (for any 
observation time T). This is also WEB.
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Aging phenomena 

the system 

initiation time


aging time

(we start to observe 

the system at this point)


<latexit sha1_base64="7WDzZv48/Jhz0b1t72y5JDADxe8="></latexit>

ta
<latexit sha1_base64="i/p7hISuQAD5YWs87DVMj4jKlXE="></latexit>

t
time from ta


<latexit sha1_base64="RQkbp55uZSlOxv8ww4noyUHQyzc="></latexit>

ta = 0 : the usual setting that we observe the process when the system is 
made


• Now we define time t from the aging time and see the dynamics of 
the process.

<latexit sha1_base64="f6hJORSaa8CTGQuEHwHhfarjf84="></latexit>

hx2(t; ta)i

<latexit sha1_base64="F1gAHbMQ6/AyauM/2yy9XjyGWlI="></latexit>

hx2(t; ta = 0)i = hx2(t)i

•  

aging time dependence

aging-free MSD

<latexit sha1_base64="U+MaI+K6h/f1Fhanp+Pk4Xe9ImM="></latexit>

t0

<latexit sha1_base64="A+rjz19YHbTT4mVT6Pkb/rvD0Kc="></latexit>

t0 = 0
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• Aged EA MSD
<latexit sha1_base64="MZBjUz973oOlWV/HY/nqJjgX050="></latexit>

hx2(t; ta)i =
Z

x2P (x, t; ta)dx

<latexit sha1_base64="5YsqrDiEO83UgJsgxy7bfZ3QXqY="></latexit>

= hx2(t+ ta)i � hx2(ta)i
<latexit sha1_base64="u0j4YO7lW1DiJGHffqFguYY59Cw="></latexit>

=
2D↵

�(1 + ↵)
[(ta + t)↵ � t↵a ]

* No aging for normal diffusion

CASE 1:

<latexit sha1_base64="Sar5mN+zzefavO2Oy73n51Tm478="></latexit>

↵ ! 1

<latexit sha1_base64="aN+U00mi8P3+LH9THItypw+MfMM="></latexit>

0 < ↵ < 1

<latexit sha1_base64="7YIA1rsjS/H/AtPjU78Gmhg4Yh8="></latexit>

ta/t � 1
<latexit sha1_base64="ch5nMGY0MHlC4m8BvUZ1vAf2yog="></latexit>

hx2(t; ta)i '
2↵D↵

�(1 + ↵)

t

t1�↵
a

(strong aging)

Exactly same 
behavior shown 
in TA MSD
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CASE 2: (weak aging)

Exactly aging-
free MSD

<latexit sha1_base64="nmf71ERfzS6WS8kmzSZzbXgGwiU="></latexit>

ta/t ⌧ 1
<latexit sha1_base64="orRPpPu1fxWoQ/zHBZChOp63qFg="></latexit>

hx2(t; ta)i '
2D↵

�(1 + ↵)
t↵

<latexit sha1_base64="U+MaI+K6h/f1Fhanp+Pk4Xe9ImM="></latexit>

t0

Origin for the aging from the viewpoint of renewal process 

<latexit sha1_base64="7WDzZv48/Jhz0b1t72y5JDADxe8="></latexit>

ta
<latexit sha1_base64="i/p7hISuQAD5YWs87DVMj4jKlXE="></latexit>

t
<latexit sha1_base64="aivC5lXNIepZRgSW1wS4Caw2FPo="></latexit>

n(ta + t, ta)

# of events in [ta +t, ta]
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<latexit sha1_base64="p1piYzVUTaDISbYUGOX/VYty1Dw="></latexit>

hn(t)i = 1

�(1 + ↵)

t↵

⌧↵

<latexit sha1_base64="oj277+/ib5bftMXoHheLfzwsqiY="></latexit>

hn(ta + t, ta)i 6= hn(t)i
• The process does not reach a stationary state 

<latexit sha1_base64="XgrYynAMTd/nE5G8j11ZvrdO9II="></latexit>

hn(ta + t, ta)i = hn(t)i
⇢✓

1 +
ta
t

◆↵

�
✓
ta
t

◆↵�

scaling function
~~~~~~~~~~~~~~~~~~~~

<latexit sha1_base64="jFcOMMYcyArtRIe5TrmdcGcsdvI="></latexit>

x = ta/t

power-law decay
<latexit sha1_base64="+1Jm7VLpLaryESIIYjmojZinWNw="></latexit>

G(x) ' ↵x↵�1

<latexit sha1_base64="JYoIkAbdT7nJLHXf0kGDWmKs8/A="></latexit>

G(x) = (1 + x)↵ � x↵
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• Forward waiting time PDF

<latexit sha1_base64="U+MaI+K6h/f1Fhanp+Pk4Xe9ImM="></latexit>

t0

<latexit sha1_base64="7WDzZv48/Jhz0b1t72y5JDADxe8="></latexit>

ta
<latexit sha1_base64="i/p7hISuQAD5YWs87DVMj4jKlXE="></latexit>

t

<latexit sha1_base64="R2k4sLrRPuZyRVOCNmr9gvpGrFk="></latexit>

 (t)<latexit sha1_base64="R2k4sLrRPuZyRVOCNmr9gvpGrFk="></latexit>

 (t)

<latexit sha1_base64="prQLUBeSPvhwldPhAzVoHtQ4Nrg="></latexit>

 1(t; ta)

<latexit sha1_base64="prQLUBeSPvhwldPhAzVoHtQ4Nrg="></latexit>

 1(t; ta)

The PDF that the first event occurs at t 
under given aging time ta.

<latexit sha1_base64="0yNkOMdt7OUGsfNQcvywHkHSYnE="></latexit>

 1(t; ta) =
1X

n=0

Z ta

0
 n(t

0) (ta � t0 + t)dt0

<latexit sha1_base64="k0BvMafqyLv/vXG6WKdmKA3HWio="></latexit>

 1(s;u) =
1

1�  (u)

 (u)�  (s)

s� u
double Laplace transformed form
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• Processes with a heavy-tailed waiting PDF

<latexit sha1_base64="P2YORw3W/Qds0LwpF55ogZBwd0Y="></latexit>

 (u) = 1� ⌧↵u↵using

<latexit sha1_base64="Y1XCNuHhcQt7CJDcEqNjfbwZmFw="></latexit>

 1(s;u) =
s↵ � u↵

u↵(s� u)
<latexit sha1_base64="4SPZnnmcntT5sARokE6KD8091uA="></latexit>

 1(t; ta) =
sin(⇡↵)

⇡

t↵a
t↵(t+ ta)

CASE 1:
<latexit sha1_base64="7YIA1rsjS/H/AtPjU78Gmhg4Yh8="></latexit>

ta/t � 1 (strong aging)
<latexit sha1_base64="PVwFXbgWZWsi2LPd2mUrvhse/cQ="></latexit>

 1(t; ta) ⇠ t↵�1
a t�↵

the aged PDF is heavier than 
<latexit sha1_base64="gV7OyhWm6q4fUSx4lDeyMuZRKf0="></latexit>

 (t)probability density smaller with ta

CASE 2: (weak aging)
<latexit sha1_base64="nmf71ERfzS6WS8kmzSZzbXgGwiU="></latexit>

ta/t ⌧ 1
<latexit sha1_base64="1Ak1mhxT4Z7GqJeF37G8OkmZhew="></latexit>

 1(t; ta) ⇠ t↵a t
�(1+↵)


