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1. Introduction to Taub-NUT-AdS spacetime

2. Non-charged TB-AdS (Analogy)

Sch-AdS black hole

non-charged TB-AdS

Small black hole/
Negative heat capacity

Small TB-AdS/
Negative heat capacity

Large black hole/
Positive heat capacity

Large TB-AdS/
Positive heat capacity

3. Dyonic TB-AdS (Differences)

dyonic RN black hole

dyonic TB-AdS

Regularity condition on A
Is NOT essential
for thermodynamics

Regularity condition on A
IS essential
for thermodynamics

electric potential ®') = &

electric potential ') +~ &

Q and P charges
are independent

Q and P charges
are NOT independent

4. Zero temperature limit of TB-AdS
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» AdS spacetime : maximally symmetric spacetime
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Solutions to Einstein EQ. with cosmological const.
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» AdS spacetime : maximally symmetric spacetime

2 2 —1
dsdqq = — (1 + %)dtz + (1 + %) dr® + r*(df” + sin” 0d¢?),

1
Rabcd — _l_2 (gacgbd - gadgbc>

» AdS black holes : Asymptotically AdS spacetime

. 1
lim dsiqs.pu ~ dSAds; Rabed ~ — 75 (gacgbd — gadgbc>

r— 00 l2

» Taub-NUT-AdS spacetime : Asymptotically locally AdS spacetime

. 1
lim dsTn.aas 7 dSaas, Rabed ~ — 75 (gacgbd — gadgbc>

T— 00 [2

» Eguchi-Hanson-AdS spacetime

r— 00

. 1
lim ds]%)H-AdS # dSidS, Rabcd _l_2 (gacgbd — gadgbc>



Misner string for k = 1

el = F(r)[dt + 4ssin® (g)dqﬁ], e’ = F(r) tdr,

¢! = (r? 4 s%)1/24d0, e = (r® + s?)1/? sin(6)d
» string singularity : (Vt)? is regular as § — 0, it diverges as 0 — =

—(Vt)? = F(i)g - ff; tan? @)

» On constant r hypersurface
; 6
e! = dtn + 4ssin? <§>dq5, (0<0 <)
; 6
e! = dtg — 45 cos? (§)d¢, (0< 8 <m)

» combine two patches — time coordinate becomes periodic

tny =ty + 8ms



Euclidean Taub-NUT-AdS space

Euclidean Taub-NUT-AdS is written

0 2 dr?
2 2 < 2 2 2 2
dSE — FE(’]") [dT —I— 4X S111 (§)d¢] —I— FE(T)Q _|_ (T — X )dQQ,

2(r? —x®)2 + (k — 423 (r? + x?) — 2Mr
— r2 — 2

FE(T)2

» Horizon is located at Fg(ry) =0

» NUT solution occurs when the fixed point set of 0, is zero
dimensional, e.g. r. = x (denoted as TN-AdS)

» Bolt solution occurs when the fixed point set of 9. is two
dimensional, e.g. r+ # x (denoted as TB-AdS)



Thermodynamics of
non-charged TB/TN-AdS space



non-charged TB/TN-AdS

The Euclidean action and metric
I = — ! /da:\/_R—I—G /d:z:\/_K
B T 6nGy 12 87TG4

87G4/d3:13\/_( + R3>,

Iren. — IE +

1 3
R — igle - l_gg/w =0
d 2
dst = () (dr + 200 + Fos + (7 = X°) (A0 + Y (0)°67),
E
720" = X + (k=472 (r* + X°) — 2Mr
fe = 2 2 '
r X
( cos@ [ sin6 fork =1
AO) = < —0 : Y0)=< 1 fork =0
| —coshd | sinh 6 fork = —1,




Thermodynamics of non-charged TN-AdS

» Taub-"NUT"-AdS solution when r = x where fg(r+) =0
» metric function

thzfﬂﬁ—xfﬁ+3MX+%@—fo 4x°

, M, = vk — -2
x(r + x) X [?

» Hawking temperature

» Entropy and Energy

0 2mwx> D
S = (B%_]-)Iren.: WGX (K’_ZLQ>7

4 2
E:aﬂren.:&(&_i)

2G

» First law and free energy

dE =TdS, F=E-TS



Thermodynamics of non-charged TB-AdS (x # 1)

» Taub-Bolt-AdS solution when r # x where fg(r+) =0
» mass parameter

—6x*ri+ 1 — 3 + K (rg + XQ) [2

M, —
b 2[27“5
» Hawking temperature
_— 1 £ ) = My (15 4+ x7%) + (9x*re — 2X°rp + )12 — 267 X7
T4 BT 2 (2 — 12)° |

» Entropy and Energy

0 W
S(Fa;él) — (6% - 1) Iren. = ;T—G(Tg - X2)

3 2
W Ty — 31X
E(/{;ﬁl) — 8Blren. = E (K/ + 2 )

» First law and free energy

dE =TdS, F=E-TS



Thermodynamics of non-charged TB-AdS (x = 1)

» Hawking temperature

M, (7“2 + X2) + (9X4frb — 2X2r§’ + r?)l_2 — 2/4:7“5)(2

Tzﬁfé(x) =

1
- 8wy

27 (x2 — 7“2)2



Thermodynamics of non-charged TB-AdS (x = 1)

» Hawking temperature

T —if’ (x) = My (15 4+ x°%) + (9x"'re — 2X°rp + 1)l % — 267 X7
. 27 (X2 —17)"
1
- 8wy
1 2 4 4 2,2 [ /1
— oy = — | PEVI4 + 144x4 — 48122k ), X = Xmax = =1/ = (2 — V/3)
12y 2V 3



Thermodynamics of non-charged TB-AdS (x = 1)

» Hawking temperature

- :if/ () = M, (7“2 + X2) + (9% ry — 2x°rE + )l 7% — 261X
T 2m (X2 —13)°
B 1
- 8wy
— Ty = L PE4/14 + 144x* — 4812X2Kk |, X = Ymax = l\/l(Q —
12y ’ 2V 3
I'p
8.
6.
4.
20
e
005 o010 o015 ~




Thermodynamics of non-charged TB-AdS (x = 1)

» Entropy and Energy

o 2 b — 3rpX°
S(Ii:l) — (ﬁ— - 1) Iren. = X (Mb + i ThX >7

loJ5} G [2
w
E(/{:l) — a[B’Iren. — ﬁMb
S ntro
10"
8
6
4
2
0.00 0.05 0.10 0.15 X



Thermodynamics of non-charged TB-AdS (x = 1)

» First law and free energy

dE =TdS, F=FE-TS



Thermodynamics of non-charged TB-AdS (x = 1)

» First law and free energy

dE =TdS, F=FE-TS

» Heat capacity

oS
C’—Ta—T_T(

ol oM 87“1, - W Tb(12X3 — l27“b)
oM Ory, 08 G (—12rpx +12)



Thermodynamics of non-charged TB-AdS (x = 1)

» First law and free energy

dE =TdS, F=FE-TS

» Heat capacity

C L T(?_S _ 7T 8T 8M 87“1, - L TW Tb(12X3 — l27“b)
- oT OM Ory 0S G (—12rpx +12)
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Thermodynamics of
dyonic RN black hole



Dyonic RN black hole

hen = [ ¢——g(

ds® = —f(r)dt* +

f(r)zl—ziw-l—

1

K

dr?

f(r)

q2 +p2

+ r2dQ3,

412

1 2

2

k2 Jom

f(rn) =0,

1
F = —(%dt/\dr—l—pﬁg
K \T

V—h(K — K),

)



Dyonic RN black hole

1

1
IE,ren — _/ \/§<—2R— —F2
M 4

K
2 2 dr? 2 12
dsg = f(r)dr® + —— + r=dQ3,
f(r)
2M q2 — p2
f(?") =1- + 2
r 4r

)

2

- = Vh(K — K)

k2 Jom

f(rn) =0,

1
. F = —(%dt/\d’r—l—pﬁg
K T

)



Dyonic RN black hole

1 1
IE,ren = _/ \/§<—2R — —F2>
M K 4

2 2 dr? 2 12
dsg = f(r)dr® + —— + r=dQ3,
f(r)
f(?") =1- + 2
r 4r

2

- = Vh(K — K)

k2 Jom

f(rn) =0,

1
. F = —(%dt/\d’r—l—pﬁg
K T

(from1011.5875)

)



Dyonic RN black hole

1 1 2 ~
IEren:—/ \/§<—R——F2>—— \/E(K_K) (5)
’ M K2 4 K2 oM
9 2 dr? 2 102
dsg = f(r)dr= + —— 4+ r~d23, f(rn) =0, (6)
f(r)
2M  q? + p? 1
fry—1- M P4 F:_(%der+pm). 7)
4r K \T
y /’//-" II'IIII IIIIIHI
|'f:: 4| |
= -l |
\ || |
. 9 \

" (from1011.5875)

> Regularity Condition on dsZ, : Time periodicity — Hawking Temperature

dr?

frydr® + ~ p?dp? + dp” (8)

f(’l“) re~TRtE€



Dyonic RN black hole

1 1 2 A
IEren:—/ \/§<—R——F2>—— \/E(K_K) (5)
’ M K2 4 K2 oM
9 2 dr? 2 102
dsg = f(r)dr= + —— 4+ r~d23, f(rn) =0, (6)
f(r)
oM  ¢> + p? 1
fry—1- M P4 F:_(%der+pm). 7)
4r K \T
// ,"'III IIIII'II
|'f:: {l |
-l
\'\ || ||
\ \

" (from1011.5875)

> Regularity Condition on dsZ, : Time periodicity — Hawking Temperature

dr?

frydr® + ~ p?dp? + dp” (8)
f(’l“) rT~TH €
» Regularity Condition on A (F' = dA) : A should be regular at the horizon
1 2
A =0 & =1 (=LY, a2 = B cor0) @)
K \T Th KT



Dyonic RN black hole

» Electric potential @S) . conjugate variable of )

IE, ren — ﬁFy
alren

> Electric potential &’

(I)(E2) = At(’l“h)

F=E-TS-oYQ

(1) oF

RS 8@
_la
B At(oo) - KR Tp

> &%) and © are agreed : ') = o) = @y

» First law

where

dE = TdS + ®.dQ + ®,,dP

Q= [ +F,

Qn= [ F

_ 1y

K Th

(10)

(11)

(12)

(13)

(14)



Thermodynamics of
charged TB/TN-AdS space



Charged TB/TN-AdS spacetime

Ig =

Iren = ] d3 _R ’
. E+ 87TG4/ SB\/_< 3)

2
dst, = fr(r)(dr + 2xA(0)de)” + fj;r) + (r* = x7)(d6” + Y (0)*d¢”),
I72(r? —x*)? 4+ (k — 472 (r? + x*) — 2Mr + P? + Q?
fE — 2 _ X2 )
1 24 — P(r* + x*
Ao = he)(dr 4 200)d), he = ZAC LX)

» TB-AdS solution when r =1, # x, fe(ry) =0
» TN-AdS solution whenr =r, = x, fe(rn) =0

1 6 pv
- — hK (1
167TG4/daz\/_(R+ F"F, ) 8ﬂG4/d:U\/_ (15)



Electric and magnetic charge

» Electric charge

2_ 2 —2P
Qe[gt]zé/&) oF — lim Q (r° — s?) frs:Q,

r—00 T2 —|— 82

» Magnetic charge

2 2
Qm[gqb]zéfaz F— lim P(r —s)—I—QQrs:P

r— 00 r2 + s2




Regularity conditions on dyonic TB-AdS

» Regularity condition on ds%; at r = 1,

1 ., *(kry — My) + 21 (7“2 — 3X2)
T = — = 22
A fE(Tb) 27l2 (Tg - XQ) ( )
» Regularity conditionon A atr =
: . 2 2
AE:ihE(T)<dT—|—2X>\(9)d¢>, hEZZZQX’I" ZP(T2—|‘X)’ (23)
2x T4 —X

21QxTyp (24)

Ag +(ry) =0 — he(ry) =0 — P = 2 4 2



Electric and magnetic Potential of dyonic TB-AdS

» Electric cpg) and magnetic @E\}) potential : conjugate variable of ) and P

Ig ren =BF, F=E-TS-3YQ-oVp

a—[ren

OF y OE
o =2 | o2

o0Q Y P 0P e Q

> Electric cI>(E?) and magnetic cbgj) potential
) = Ar(rn) = Ar(o0), @57 = @7 () — 247 (00)

where , .
&' (r :/ dr' B(r'"), B(r) = — ¢ Ry,
a (7) (") (1) 7 6

> o) £ o) and @) £ o

» Once imposing the regularity condition, '} = ¢{*)

(23)
(26)

(27)

(28)

(29)



Thermodynamics of dyonic TB-AdS (x # 1)

» temperature and entropy

T 1 £ () 1?(kry — My) + 21 (rg — 3)(2)
- — T p—
A ENY 2ml2 (17 — x?) ’
O 2 2
S = (5——1>1E: m (r, = X°).
0B 2G
» Dby using thermodynamic relations
<I>(1) _ Q (Tg + X2) ry + QiPTgX CID(l) W QiQTgX — P (T‘g + X2) Ty
B 4rG (r2 — x2)? ’ Mo arG (r2 — x2)*
(1) _ T ry —3x*  (Q°—P?) (ry +x°) + 4iPQryx
BV = K+ + 5 :
G [2 ("‘5 )

» by using conventional method

q)(g) _ W Qry + 1Py (I)(g) _ W 1Qx — Pry

b ArG (r3 —x?) M AnG (rf —x?)
3 3 2 P2 — %P 2 2 2 2 3 2

- <f<3frb+rb b X +( o — 2iPQx) (7 +x°) + Q*ry (1} X)>

2 - &
8rG 12 (r2 — X2)2




Thermodynamics of dyonic TB-AdS (x # 1)

» imposing the regularity condition

2 3X2) Q2T
g _p@ _p__“ b (1 b
e KTy + 2 + r% e
(1) (2) w Qry
@ — @ — @ _— ,
E E B~ urG (frg + X2)
w QX

o\ =0 0P = -

4G (r% + x2)
» thermodynamic relations are satisfied

dE = TdS + ®rdQ,
F=E-TS— ®pQ

upon using b — dn = 0.




Thermodynamics of dyonic TB-AdS (x = 1)

» Thermodynamic quantities

1 1 TW 24x37y, 8Q% x>y
T:4_ff/’3(rb):—> S=_— |y +X° - 12 2 | .2)2
" (ri +x?)

8mTx

» Dby using thermodynamic relations

w 1 (2tPxTy + Q12 + x?))

) — o) — _

S TG e-t N TTRGT T (e

o = [ X e (@ P Ot o+
8mG 4x [2 (7“2 _ X2)3
16@PQX37“5}
(2 —r3)" 1

» by using conventional method
2 _ v (Qry +1PYX) P2 _ ¥ (—Pry +1Qx)

BoanG (r2—x2) 7 M anG (72— x2)
2 4 .2 2 2
+x* 7 (rg +3x%) 1
E(Q)ZL[M e B b P24 e 2,
St b+ 4X l2 + (,rg _X2)3 rb(rb + Ty X ‘I‘X )

+ 27LPQx(—37“§ — 67“?)(2 + X4) + Q2rb(r§ — 107“%)(2 + X4)>] :



Thermodynamics of dyonic TB-AdS (x = 1)

» imposing the regularity condition

w rg + X2 T (7“2 + 3X2) Q2 (3X2"“b + ’I“g’)
E=— Mb + - 2 2 )
A o 24x3my 8Q%x>ry
S = — Ty -+ X — l2 5 5 5 |
G (r§ +x?)
. w Qry

- 4G (’rg + X2)
» thermodynamic relations are satisfied
dE = TdS + ®rdQ
F=E—-TS —®Q
> Heat Capacity (P = —2ixg)

o B B@S B wl?ryx? (Tg — X2)2 (l2rb — 12X3)
e = 98  2Ga; 122

_|_

4x (Q* — P?) (9 + 14r2x? + x*) + 16iPQry, (1) 4+ 8r2x? + 3x*)

(=)’



Thermodynamics of charged TB-AdS (k = 1)

Q=0.05, g=0 Q=0.15, g=0
rp rp
5+ 5
r - rb,1_ - rb,1_
4 b1+ 4r b1+
3* — Ip2+ R)E — Ip2+
2 20
1 1
-
0 e, SR Eme
0.00 0.05 0.10 0.15 0.20 X 80 0.1 0.2 03 04X
Q=0.15, g=0.5 Q=0, g=0.05
rp Tp
St — IpA- St
i r i — Ipa-
[ b1 [
4} ' 4 .1+
[ - rb,2+ 3
3L 3 — Ip2+
I — Ip2- [
2 20
1 1t
) i D)
oL ... — Y 0O X
000 005 010 015 020 025 0.30 0.00 0.05 0.10 0.15 0.20

Figure: The horizon radius of TB-AdS for x = 1 vs x for fixed values of ) and
gwithG =1 = 1.



Thermodynamics of charged TB-AdS (k = 1)

Q=0.05, g=0

=0.15, g=0
SEnFropy SEntmpy Q o g
10/ — Ipa- 15 —
L : b11_
i r [
8: rb,1+ 107 Fos
6 b2+ [ b2+
[ 5
4 I
07 L L L L h L L L L L L L L L L L L
2 : 0.1 0.2 03 047%
07 L L L L L L L L L Il T n L L L L L L L L L L L Il
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SEntropy r
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Figure: Entropy of TB-AdS for k = 1 vs x for fixed values of @Q and g with
G=1l=1



Thermodynamics of charged TB-AdS (k = 1)

60:
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Figure: Heat capacity for TB-AdS for k = 1 vs x for fixed Q and g with

G=1l=1



Thermodynamics of charged TN-AdS (x = 1)

» Taub-"NUT"-AdS solution when r = x where fg(r+) =0

folr) = " =X) (T+3x);(:fg)—x)x— (PZ+Q7) 4
2 (r =) (r +3x)x + klre —x)x — PP = Q* =0 (41)

S PP+ Q*=0 (P =1iQ) is required

» Hawking temperature
L
Tn _ — n
2 fn(X)

» entropy, energy, and gauge field potential (P = 2ivy — Q = 2vy)

2 2
S = (B% - 1)Iren. — Zﬂ-wx (]- +2U2 — 6L> )

K
Y%

» First law and free energy
dE =T,dS + &dQ), F=F-T,5— ®Q.



Thermodynamics of charged TN-AdS (x # 1)

For k = 0 case,
» zero Hawking temperature
» energy and gauge potential

2 3
e ($o8) ek @

» First law and free energy

dE = ®dQ, F=FE — Q. (43)

For k = —1 case, f,(r) becomes negative near r+ = x and so we exclude
this case.



"Thermodynamics" of Extremal TB-AdS



Near Horizon Geometry of the extremal TB-AdS
The extremal limit
Ty — 0.
At the zero temperature limit, the metric is factorized as follows

fE — L(7“"‘7“0 —|—Oé)(7“—|—’l“0 — Oé)(?“ — 7“0)2

r2[2

where

roz\/x2+él (\/%212+12(Q2+P2)_K1)7

a = \/4X2 - %l (\/HQZQ +12(Q?* + P?) + 2/1l).



Near Horizon Geometry of the extremal TB-AdS

The extremal limit

Ty — 0.
At the zero temperature limit, the metric is factorized as follows
1
fe = W(r + 70+ a)(r + 1o — a)(r — o)’

where

roz\/X2+él (\/K212+12(Q2+P2)_K1)7

a = \/4X2 - %l (\/HQZQ +12(Q?* + P?) + 2l£l).

Taking the near horizon expansion,

,7’:
T — —, r—1rotE€
€



Near Horizon Geometry of the extremal TB-AdS

The extremal limit
Ty — 0.

At the zero temperature limit, the metric is factorized as follows

1
fg = o (r+ 70+ a)(r+10 — a)(r —ro)°

where

— \/x2 4+ éz (\/ﬁ;%? +12(Q2 + P?) — nl),

a = \/4X2 - %l (\/HQZQ +12(Q?* + P?) + 2l£l).

Taking the near horizon expansion,

T — I, r—1rotE€
€
d2y 0= 00) o D TO SN 2 02 2 a6 4 Y (0)2de?)
T2 2 g2 72 (4r2 — a?) 0 ’

~AdSy x S (H? or R?)



"Thermodynamics" of Extremal TB-AdS

» « # 1 case : We can take the zero temperature limit.
» x =1 case : We imposed the following condition at finite temperature

To = %f’(m _ % (44)
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1. physical value of r, is only defined by finite ranges of y



"Thermodynamics" of Extremal TB-AdS

» « # 1 case : We can take the zero temperature limit.
» x =1 case : We imposed the following condition at finite temperature

To = %f’(m _ % (44)

where

1. physical value of r, is only defined by finite ranges of x
2. but zero temperature limit requires y — oo



"Thermodynamics" of Extremal TB-AdS

» « # 1 case : We can take the zero temperature limit.
» x =1 case : We imposed the following condition at finite temperature

To = %f’(m _ % (44)

where

1. physical value of r, is only defined by finite ranges of x
2. but zero temperature limit requires y — oo

[Conclusioni.] No zero temperature limit for ~ = 1 case



"Thermodynamics" of Extremal TB-AdS

» « # 1 case : We can take the zero temperature limit.
» x =1 case : We imposed the following condition at finite temperature

To = %f’(m _ % (44)

where
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» « # 1 case : We can take the zero temperature limit.
» x =1 case : We imposed the following condition at finite temperature

To = %f’(m _ % (44)

where

1. physical value of r, is only defined by finite ranges of x
2. but zero temperature limit requires y — oo

[Conclusioni.] No zero temperature limit for ~ = 1 case

3. Time periodicity is not defined on AdSs

4. Intrinsically we cannot give time periodicity
4. No Misner string at the horizon

5. Then we can give up AT = 4y

[Conclusion2.] zero temperature limit for x = 1 case without A7 = 4y



"Thermodynamics" of Extremal TB-AdS

The mass parameter and charges are related as

(2617 —12x% +1A) /6x2 — 1Pk + 1A
3v/612 ’
A = /K212 +12(Q2 + P?)

The free energy and energy are

2 2 2
wr K ry + 3
Fopp = — oo [ 22— 4 e 22X )
2G \r; — X [

3
wrT} K 2
Ee:v pm— -
t 2G (r?—x2+l2>

The first law and free energy are satisfied
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Inspired by the idea’ that

> W= % where w is the conjugate variable to the charges Q + J
» BPS black holes behaves similar to the AdS-Schwarzschild black holes
Here we identify &y as "temperature”.

w Qextrb 2 2 2\ 2 K 3
@ — — -
BT2G (r2 +2) Qear = (15 +X7) (rg e l2)

» horizon radius r, vs inverse "temperature”
» entropy S vs inverse "temperature”
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Now let us define the heat capacity as follows

9S8 9S8

then
O — 2S5 Twri (rg — X2) (37“% + Kkl* — 3X2)
T P9y T G (—6x2%r: 4+ 3ry — kl2x2% + 3x*)




"Thermodynamics" of Extremal TB-AdS for k = 1

Now let us define the heat capacity as follows

0S 0S5
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Summary

» For all s, thermodynamics are tested for non-charged/charged
TB/TN-AdS space.

» The regularity condition which comes from A;(r,) =0is
necessary to satisfy the first law and free energy.

» For the extremal case, the thermodynamic like behaviours are
observed by identifying the gauge potential to temperature.

» (Recently, there have been studied about thermodynamics of
Lorentzian Taub-NUT-spacetimes.)
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Future works
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More investigation on extremal limit for x = 1

(C2) understanding physical mechanism that the entropy
changes from finite temperature to zero temperature for k = 1
case.

(C2) resolution for Misner string at extremal case k = 1

Holographic aspect. If the boundary field theory calculation can
match the entropy of BPS Taub-NUT-AdS spacetime (in
progress)

Thermodynamics for rotating-Taub-NUT-AdS spacetime.
Holographic aspect of rotating-Taub-NUT-AdS spacetime.



