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Introduction



Brief history of the Universe

Cosmic microwave background (CMB)

Nobody has known the true radiations travel freely.
onset of the Universe. L L~
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After inflation, the Universe is heated
as Big-Bang Universe.

http://astrokatie.blogspot.jp/2012/08/the-long-dark-tea-time-of-cosmos.html



Inflation is strongly supported by CMB observations

Planck TT correlation :
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Total energy density €= Geometry of our Universe

Our Universe is spatially flat
as predicted by inflation !!

Causal seed models

0 50

100

150

Superhorizon models
(adiabatic perturbations)

We need a (scalar-like) dynamical degree of freedom responsible for inflation.



The presence of dark energy

The Universe is now accelerating !!

f
® Dark Energy is introduced

~'< or

® GR may be modified in the IR limit

5 PLANCK

ERI Y 68.3%

In either case, we need a dynamical degree of freedom
responsible for current acceleration.



We have almost confirmed the presence of inflation
and dark energy, but, unfortunately, we know
neither the identification of an inflaton nor

that of dark energy.

Next task is to identity the inflaton and
the origin of the dark energy.

‘ Introduce a new scalar d.o.f. in addition to spin 2 d.o.f.s
(Modified gravity in a wider sense:
Try to unify scalar and tensor d.o.f.s )



Gravity

Two formalisms:
metric formalism & Palatini formalism



Metric formalism

A fundamental object (dynamical variable) is Riemann metric.
® Riemann metric

Juv :asymmetric 2" rank tensor determining the length

ds® = guvdatdx”

‘ Connection (parallel transport) is given a priori in terms
of a metric by requiring local Lorentz and the invariance
of an angle between parallel transported vectors.

~

® symmetric ( {3} ={).} )

v

® metric compatibility ( V gy =0 )

-

[ ° [ [ ]_
‘ Levi-Civita connection : {3} := 56" (9uv0 + 8vguo — Boguw)



Metric formalism 11

A fundamental object (dynamical variable) is Riemann metric.

® Riemann metric

Juvr :asymmetric 2" rank tensor determining the length

r

® Importantly, given an action,

=» The variation of the action is taken only with respect to
a metric in order to obtain the EOMs.

® But, a connection is fixed to be Levi-Civita one a priori.

1

Levi-Civita connection : {}} :=>¢" (9ugvo + 00 — 859

=» The variation of the action is not taken with respect to
a connection.




Palatini formalism

Fundamental objects (dynamical variables) are
not only Riemann metric but also connection.

® Riemann metric :
Juv :a symmetric 2" rank tensor determining the length

® Connection : (not confined to Levi-Civita one but arbitrary one)

A
[ i ()
y C Ul Uy

“

8 : A A A
® Torsion : T = F v — 7w

‘ <

® Non-metricity : Qs"" := Vc;g“ g

S

(In general, torsion does not vanish, but, for simplicity,
we consider only a torsion-less case later.)



Palatini formalism 11

Fundamental objects (dynamical variables) are
not only Riemann metric but also connection.

9uv -
Importantly, given an action,

=>» The variations of the action with respect to not only a metric
but also a connection are taken in order to obtain the EOQMs.

c.f.) Electrodynamics : = i IDyp — mapp — ZF 3,,

(Dulb : 8u¢ + 73614#7@
connection = gauge field

We take the variation of the action with respect to not only an electron
v but also a connection (gauge field) A in order to obtain the EOMs.




Lesson:

What happens to the Einstein gravity
in Palatini formalism ?

(Assume torsion-less)



Einstein gravity in Palatini formalism

(Einstein 1925)

1r
S = SEH T+ Smatter = /d493\/—9§R+ fd493\/—g Lm(guv, V).

~ r - (Assume no dependence on I")
R = gMVR/M/a
I I_
.< R/ﬂ/ = RAM)\V’
I'
_ Rlowr = 0uM oy — 0l ou + T pul oy — T Pop.
( 1 S I 17 (T o 2 5Smatter)
V=909 By = 589w = T = 0, T Vg o
) <
) _l% [\/_—(1/0'5,u_ /u/50>]_0
5I_>\V'LL - 2 g g g A g A - )
.

r
‘ v)\g,ul/ =0 ‘ I_)\V” a {MAV}Q = %9/\0 (Ougvo + Ovguo — o guv)

Different from metric formalism, a connection is dynamically
fixed to be the Levi-Civita connection as the result of the EOM.



Now, let’s try to extend gravity to
a scalar-tensor theory
in Palatini formalism

But, before going to Palatini formalism, let’s briefly
remember a scalar-tensor theory in metric formalism.



Generalized Galileon = Horndeski

Deffayet et al. 2009, 2011, Charmousis et al. 2012 Horndeski 1974

) equitdience
Lo = K(¢,X) Kobayashi, MY, Yokoyama 2011
L3 = —G3(¢, X)0O9,
< Lg = |G4(<b, X}R + Gax [(Dq5)2 = (VMVqu)Q] :
Ls = [Gs5(¢, X)GuwVHV ¢
C —50ex[(00)° - 3(30) (VT + 2(VVu0)7]

1

This is the most general scalar tensor theory whose Euler-Lagrange EOMs are

up to second order though the action includes second derivatives.
Many of inflation and dark energy models can be understood in a unified manner.

NB : @ G4=Mg2/ 2 yields the Einstein-Hilbert action
® G4 = 1() yields a non-minimal coupling of the form f(¢)R
® The new Higgs inflation with G*"9,00,¢ comes from G5 <@
after integration by parts.



Cosmological perturbations of Horndeski theory
in metl‘ic f()l‘malism (Kobayashi, MY, Yokoyama 2011)

® Tensor perturbations:

s$2) = é/dtd% a3 |Grh2 - %(Vhij)ﬂ .
Fp = 2 [G4 — X (glb-G5X + G5¢)} ) 62 - ﬁ
Or = 2|Ga—2XGax — X (Hg'bGSX — Gsy)| T gr

If this Horndeski field is responsible for dark energy, the sound
speed of tensor perturbations (GWs) must be very close to unity.

2 2 (e.g. Creminelli & Vernizzi 2017)
Cp = Cq\w ~ 1. - (Kimura & Yamamoto 2012)
Lr = K(¢,X),
(GW170817 & GRB170817A) L3 = —G3(¢,X)09,
- — 2
(gravitational Cherenkov radiation) L = Ga(o, %( )R+ W’
Lo~ () X) G VPV -
1 2
‘ _ —GexHEry =3 (00) (Vavrryeh2(V,Vu9)®].
G4 X = O, G 5 =~ O \_



Let’s try to extend this Horndeski
(Generalized Galileon) action to Palatini case.

Ly = K(¢,X),
Z; = (. X)0%
Ly = G4(¢,/X)R+W,
Mﬂs X)G/J,]/V“VVQb —
1 2
e GewBr =3 (00) (Vv 2(V,V,¢)°].

|
(X = —Zg"0.40s8, Gix = G, /ax)

As a dark energy, only magenta boxes are allowed in metric formalism.



Horndeski correspondence
in Palatini formalism



A non-minimal coupling of a scalar field to the Ricci scalar

. . Lo = K(¢,X) (Later, we will discuss L3)
In metric formalism, . . .
L4 = Ga(¢, X)R+ Gax |(06)% — (VuVus)?].
(c% # 1 for Gax # O) (% = —30"0,60.6, Gix = 0G1/0X))
‘ In Palatini formalism, L4 Lo

S oordan = f d*z/—g [G4(¢,X)1:2 + K (¢, X)|,

(The counter terms are unnecessary to keep the second order EOMs for the metric & ¢.)

Analysis in three frames :

f
® Einstein frame : Minimal coupling, Einstein gravity (Calculation is well-known)

(commonly used in the literatures, especially, in the context of Higgs inflation)
® Jordan frame : Non-minimal coupling (Calculation is tedious but straightforward)

® Riemann frame : Geometry is Riemannian (Calculation is done in metric formalism)

\

The central question : is ¢t (GW speed) unity or not ?



Einstein frame



Analysis in Einstein frame

-
S4Jordan L= /d4$\’ —4g [G4(¢7 X)R + K(¢, X)] )
Conformal transformation : gy = G4(¢, X)guv

= 2 vy S I
V—9=Giv—g9, R=g""Ruw = Gag"" Ry,

3 3 1
X = G4X, X = —lgﬂ”amaygb. (X = —59“”8@8@)

__ Sgdekn — / d*z/=g 04(¢,X)gw£w+;<(¢,)c)],

K (o, GM{)] .— g Einstein
G3(6,GaX)

= [d*/- R
— £ g l|g ,ul/‘l'

This action is nothing but the k-essence action
and the Einstein-Hilbert action with respect to §,,, = G4(¢, X)guv -

1_ - - -
‘ r>\y,u = {/j\y}g = 5 2 (a,ugya =F aug,ua - 809/w)

The connection is given by the Levi-Civita one with respectto g, .



Cosmological perturbations in Einstein frame

i i = o & K(¢7G4X)
Einstein _ 4 . v
& [ == [g T G2, G4X*)]

Metric perturbations : (52 = — N2d7° + Yij (d:’Ei + N Z'dff') (dij + N7 df)

& = 1+a,

= 8,5, (unitary gauge €= 3¢ =0)
= a(®)?e % (eh> .
ij

-

3 scalar perturbations : &, 3, ¢
. 1(x2) tensor perturbations: 7,

A
o)
S 2=
|

-

Conformal transformation for the background : ds° = G4(t)ds?

[ & =

{ dz dz,

A = /G a®).




Cosmological perturbations in Einstein frame 11

S4Einstein — /d43§' /_g [g/,{,yfr{“y_F K(¢7G4*X;)

Gi(gb, G4X)

We have only to perturb the metric with the Levi-Civita connection.

- Expand the action up to quadratic order of perturbations.

‘ Solve the constraints for lapse & , shift B :

=) -

( 5(2)S4Einstein,tensor /dt d37 53 [h/2 B ~_12(5kﬁz_j)2]
a

‘ cr=1 (GW speed = light speed)
n n r ~ ~ / ﬁ a F
5(2)S4E stein,scalar __ /dt 3z =3 [gSC 275_5(8i€)2] |

&

5

<Gs

X

6XKy _ _ (background quantities)
—K+2XK¢
6X(2KG4X — KXG4)

(K —2XKx) G4+ 3KGaxX'

—K+2XK+¢
6X

6(X K¢+ 2X2K45) <~2 ﬁS)

(Gg — Gax X)2{—K (G4 +3G4x) + 2XKx G4}
« [~6X2KGEx + X (8K + 5Kx X)GaGax + (Kx + 2Kxx X)G3

—2{K(Gax +2G4xxX) + XKx(3Gax — XGuxx) + XQKXXGLIX}G?L] :



Jordan frame



Connection in Jordan frame

r
S4Jordan = /d433\/ —g [G4(¢a X)R + K (¢, X)] , (x = =39 3,00.9)
a 1 oS I I I
_2\/—_gégW —_ (KX —I— G4XR)8H(;58L;Q§ -|— (K —l- G4R)g“y — 2G4R(,uz/) = 0.
I s 05 r
5~ =Vo V=9G4 (976N — g"5%) | = 0.
\. i

i
) Vg = ¢"“dx(InGa) # O.

) = () + %gxa (20,(,0,) ' Ga — guBo N Ga)

The connection does not coincide with the Levi-Civita one in general.



Cosmological perturbations in Jordan frame

S ordan = / d*z/—g [Gm, X)R + K(4, X)] ,

Metric perturbations : (s2 = — N2qt2 + Vi (d;ci + N 'édt) (d:cj + NJ dt)

1+ «,
0,13, (unitary gauge €= 6¢ =0)

f

N =
< N
Yij =

b

a(t)?e2¢ (eh)

ij
scalar perturbations : a, B, {

3
{ 1(x2) tensor perturbations : hij
Connection perturbations :

( 5|_000
6100
o9,

< 500

5|_ijo

5I_zjk

€1,
8i62:
D15 + di5¢c3 + 8;0jc4,

= 3205

DTQ’J ar 6§C6 + 8i8jC7,
8ZD3J-k —|— G(JD}H,G) —|— 5jk3268 —I— 668]6)69 —|— 87’8j8kc10.

scalar perturbations : cn

10
{4(x2) tensor perturbations : Dm,ij



Cosmological perturbations in Jordan frame 11

Sy0rden = ] d*zv/=g [04(¢,X>fr% + K (6, X)|,

]

Metric perturbations : 3 scalar perturbations : a, B, {

.
| 1(x2) tensor perturbations : hij

Connection perturbations : (19 gcalar perturbations : cn

1 4(x2) tensor perturbations : Dm.ij

mm) Expand the action up to quadratic order of perturbations

mmm) Solve the constraints for lapse a, shift , and connections

=)

( 1 . 1 N
5(2)S4Jordan,tensor - 4/dtd3xG4a3 lhﬁ%" _ Clg(akhij)2] (= 5(2)S4E|nste|n,tensor)

‘ cr=1 (GW speed = light speed)

5(2)S4Jordan,scalar — fdt 32 a3 [gSéQ N -:g(aig)ﬂ (: 5(2)S4Einstein,scalar)
. X
(QS = Ga(t)Gg, Fg= G4(t)j'=s) (hz’j = hij, ¢ = 5)



Riemann frame



Analysis in Riemann frame

-
S4Jordan — /d4a:\/—_g [G4(¢, X)R+ K(¢,X)|, (X = -0 0u00.0)

‘ M = {,j\,,}g + %g)‘a (QQU(M@/) ING4 — guw0s I G4) -

r

g g 3 »
( R =RV (91090s) ~ _¢" (9109 Ga) (3,109 Ga) )

[ g
g 3(VGy)?
‘ SN = =g G4R+§( G:) + K

[ < 3 2 / L g IY5) 2 a By 4 A . Riemann
= V—9|GaR — G, (2(?40)( + 2G44Gax " Oap?” — Gax P~ Pas? -‘(pn;) + K| =5,
L A

In this frame, the connection is a priori fixed to the Levi-Civita one.

But, this is nothing but simple rewriting and hence
both g and @ obey the same EOMs as those in Jordan frame.

(Langlois & Noui 2016, Crisostomi et al. 2016, Ben Achour et al. 2016 ...)
In fact, this action reduces to the so-called DHOST action and the quadratic

actions for perturbations are shown to coincide with those in Jordan frame.



Cosmological perturbations in three frames

® The quadratic actions for tensor and scalar perturbations
in three different frames (Einstein, Jordan, Riemann)
are obtained and also shown to be the same.

® Even if G4 has X-dependence, the speed of GWs is unity,
in sharp contrast with the case of metric formalism.

S RN = / d*x/—g [G4(¢,X)15 + K(¢, X)|,



Let’s finally discuss L3 (Galileon) action
in Palatini formalism.

Ly = K($,X),
[23 = —G3(¢.X)0¢,
Lo = Ga(6, PR+ GasbbBrP =TV,
Md) X)G,,“/V“VV¢ -
1 L2
= GaxHEy =3 (09) (Vavrh)2eh2(V,V9)°]-

(X = 39" 0,60,9, Gix = 0G;/0X)

As a dark energy, only magenta boxes are allowed in metric formalism.



L3 term (KGB or G-inflation) in metric formalism

(Kobayashi, MY, Yokoyama 2010, 2011
Cedric, Pujolas, Sawicki, Vikman 2010)

® The L3 term is uniquely determined in metric formalism

g g
By = ggu vuvgm fLQ _ e
= Vulg"™"Vid) L3 = —G3(¢,.X)0¢,
= ¥ (Yut09) { Lo = Gald PR+ GanefbBs?=TViV09)7].
1 ) . Mn&‘X)GWV“V”qb s
= 299"V (9000 e (2750
All of these expressions are the same thanks to the metricity.

g
(VAQ/W s O)

® The L3 term does not affect the speed of GWs at all
in metric formalism.

: F
Grhs; — a—QT(th'j)Ql :

: 1
Tensor perturbations: 8}2) = / dtd3z o’

JrT = 2 [G4—X (¢G5X—|—G5¢)} , C% — ﬁ
Op = 2|G4—2XGax — X (HpGsx — Gsy)] gr



L3 term (KGB or G-inflation) in Palatini formalism

® The L3 term is not uniquely determined in Palatini formalism

ap!

r
/““’VMVVQS
r (2 1
Vu( “”Vucb)
't J vV V ¢

VV(QMV¢)

I~ A~ (]~

. 0
Non-metricity : Q,”” .= v,¢"” # 0

Fortunately, there are only finite (10) numpber of types.

([ g x VVo 1 term
5¢:< Vg X Vo 2 terms -
Vg X Vg X ¢ 5 terms
. VVg x ¢ 2 terms

oki & Shimada 2018, 2019
Ipin & Volkov 2019, 2020)

CPARN = G i+ G 1 QMO + G 0Q B :
+G3,36Qa @7 + G3,49Qapn @7 + G500 Qu + Ga60QuQ” Q= ,Quw”, Q"= Q")

I g 9 _
+G370QuQ" + G3 8oV Q" + G3 9V QM
9 r

=: Y Gz; Oyo
i—0



L3 term (KGB or G-inflation) in Palatini formalism 11
Palatini : 3 -
i=0

This action has, in general,

f
® no Einstein frame

< @ an (Ostrogradsky) ghost mode

@ non-unity sound speed of GWs.

If we remove the ghost by suitable choice of G3.i,

this model reduces to the DHOST model with
‘ the sound speed of GWs being unity

(like the case in metric formalism).



Connection of L3 term (KGB or G-inflation) in Palatini formalism

B®

. 9 r r
Lo =K+ > G3; Uy + GaR
1=0

A }g + % HAX{:))‘X + A%V‘qs} guv + 2 {BXa(“X + Bqﬁa(u(p} 53)] ‘

—6G4(2G,, + G31 + 2G32 — G3g — 2G39)

= {_6(G3,8q‘) + 263,94)G4 + 2[32(G3 3 + G3.4) + 5G3 5 + 17G3 6 + 56G3 7]Ga g
+(8G3 3+ 12G3 4 + 5G36 +28G37)G3 1 — 2(16G33 +8G34 +5G35 +7G36)G32
—8G3 3Gz g — 12G34G38 — 5G36G3s — 28G37G3 g+ 32G33G39 + 16G34G39
+10G35G39 + 14G3,6G3,9} ¢

+{(8Ga3 + 12G34 + 5G3,6 + 28G37)G3 g4 — 2(16G33 + 8G34 + 5Ga 5 + 7G3,6)G3 04107,
6G4{—2Gsx + (Gagx +2G3 9x )0}

—2{32(G33+ G34) + 5G35 + 17G3 6 + 56G3 7}Gaxo

+{(8G33 + 12G3 4 + 536 + 28G5 7)Gagx — 2(16G3 3 + 8G34 + 5G35 + TG36)G30x o7,
4G4(6Gay + G311 —2G32 — Gag +2G39)

+2{-2(G3 55 — 2G3.99)Ga + 2[16(G3 3+ G34) + G35+ TCG36 +40G3 /1G4 5
+(8G33+4Ga4 + G336 +20G37)Gz1 —2(8G34 + G35 +5G36)G32 —8G33G3e
—4G3 4Gy g — G36G338 — 20G37G33 + 16G34G39 + 2G3 G390 + 10G3,6G3,9} @

+2{(8G33 +4G34 + G36 + 20G3 )Gz g5 + 2(8G3 .4 + Gz 5 + 5G3.6)G3 04167,
AG{6G4x — (Gagx —2G39x )0t + H16(G3 3+ Gs4) + Gas +7G36 +40G3 71Gax
+{2(8G3 3 + 4G34 + G36 + 20G3 7)G3 gx — 4(8G34 + G35 + 5G36)G3.0x 167

24G3 + 4(8G33 + 20G3 4 — G35 + 8G3 6 + 4463 7)Gad

—2{64G3 3 — 32G5 4 + 16G33(2G34 + G35 + Gz + 10G37) — 9(G5 6 — 4G25G37)

+4G34[G35 — B(Gz6 + Ga1)]} 7.



Riemann frame of L3 term (KGB or G-inflation)
in Palatini formalism

. 9 r r
LA =K+ ) Gz; Uyyo+ GaR
1=0

r)\/w — {M)\V}g + % [{AXBAX + A¢3A¢} Guv + 2 {BXa(uX + B¢8(“¢} 51)/\)] ’

11

. g g
LVSTM" = GaR + K + G3,0006 + Egg + Eyx ¢ basd” + Exx6%dapd™ ¢

X ‘
( Poo = —gpz {414@’2 {12(;4 + (40Ga 3 + 28G54 + Gas + 10Ga g + 100@3:7)@»}

+592{12Ci + (136G73 3 + 12403 2 + 25G3 5 + 7005 + 196G 7)o} GhOSt_free °
[

+44%B7 [24G, + (56(i3 3 + 68Gaq + 5G3 5 + 32G36 + 140G3 )¢}
—8DAX {604 — G31 — 10G32 + G35 + 10G39 + (Gags + 10G3 956}

+aDBY {664, +5G3 1 + 14G32 — 5Gag — 14630 — (5G3 g, + 14G3 g,)0} |, 3 G 2
E;x = —81132 [AAN {48Gy + 4(40G3 3 + 28G5 4 + G5 + 10G3 5 + 100G 7)¢ ) XX — 4X

+(R?AY 4+ 49BY) {48(;4 +2(56G'3 3 + 68G34 + 505 + 32035 + 14oc;3,7)d)} 2 G

+B¢BX {12(;4 + (136G33 + 124005 4 + 25G5 5 + 7003 6 + 196G3,7)¢;} 4

—4DAMNEGax + Gagxd+ 10G3 gxb)

+2DB¥(6Gay — 5G3gx¢ — 14G3 9y ¢)

—4pAX {6(3’4@ — G531 — 10632+ (38 + 10G3 9 + (G35 + 10(}'3,9@)@}
+2DB* {6Gas +5G31 + 14G32 — 5G35 — 1aG39 — (5G35, + 18830400 |,

Bxx = b [aA¥2{120, + (40633 + 28Ga 4 + Gas + 1063 5 + 10065 7))} ‘ qDHOST class of 2N-I/Ia

1602
+pX? {12(3'4 + (136G33 + 124G3 4 + 25G3 6 + 70636 + 196(;3])@;}

+44VEX {24G4 + (56633 + 68G3.4 + 5Ga 5 + 32G3 6 + 140G3 7)8 | ‘ Cr = 1
—8DAY{6G,x + (Gapx + 1063 gx )¢}
\ +4DB*{6Gsx — (5Gaax + 14G30x )é}] :

(at most, 2 tensor & 1 scalar d.o.f.)




Summary

® We considered Palatini formalism, where the variation of an
action is taken with respect to not only metric but also
connection.

® We considered the case of a non-minimal coupling of a scalar
field to the Ricci scalar (L4) plus k-essence action (L2) and
discussed cosmological perturbations, yielding their quadratic
actions in three different frames.

® The sound speed of GWs is always unity in Palatini formalism
even if G4 includes X-dependence, in sharp contrast with that
in metric formalism.

® We classified the Galileon action in Palatini formalism and
found that there are essentially 10 different terms.

® An action consisting of these terms as well as L.2+1.4, it
generally leads to a ghost d.o.f. and the deviation from unity of
the sound speed of GWs. However, once we eliminate such a
ghost, the sound speed of GWs becomes unity, which coincides
with that in metric formalism.



	Cosmological Perturbations �in Palatini Formalism
	Contents
	Introduction
	Brief history of the Universe
	Inflation is strongly supported by CMB observations
	The presence of dark energy
	Next task is to identify the inflaton and�the origin of the dark energy.
	Gravity��Two formalisms:�metric formalism & Palatini formalism
	Metric formalism
	Metric formalism II
	Palatini formalism
	Palatini formalism II
	Lesson:��What happens to the Einstein gravity �in Palatini formalism ? 
	Einstein gravity in Palatini formalism
	Now, let’s try to extend gravity to �a scalar-tensor theory �in Palatini formalism
	Generalized Galileon = Horndeski
	Cosmological perturbations of Horndeski theory �in metric formalism
	スライド番号 18
	Horndeski correspondence �in Palatini formalism 
	スライド番号 20
	Einstein frame 
	スライド番号 22
	スライド番号 23
	スライド番号 24
	Jordan frame 
	スライド番号 26
	スライド番号 27
	スライド番号 28
	Riemann frame 
	スライド番号 30
	スライド番号 31
	スライド番号 32
	L3 term (KGB or G-inflation) in metric formalism
	L3 term (KGB or G-inflation) in Palatini formalism
	L3 term (KGB or G-inflation) in Palatini formalism II
	Connection of L3 term (KGB or G-inflation) in Palatini formalism
	Riemann frame of L3 term (KGB or G-inflation) �in Palatini formalism
	Summary

