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BH thermodynamics, Hawking radiation, Bekenstein-Hawking entropy

information loss paradox, firewall

Novel pictures of BH such as 
fuzzball, quantized horizon area, membrane paradigm etc…

(Thermodynamics)

(quantum information, AdS/CFT)

(string theory, loop quantum gravity, fluid/gravity correspondence)

Quantum BH has been discussed/studied mainly from the fundamental physics

Astrophysics?Quantum black holes ⇄
Cosmology?

Particle physics?



Quantum Black Hole

Higgs metastability

(seeded vacuum decay)

GW/scalar emission

(ringdown, superradiance, echoes)

Inflation

(initial condition, thermal nature of Schwarzschild-dS)

Astrophysics

Cosmology

Particle physics



Footprints of quantum gravity in radiation from QBHs

N.O. and N. Afshordi (2018), arXiv: 1807.10287
N.O., Q. Wang, and N. Afshordi (2019), arXiv: 1905.00464
Q. Wang, N.O., and N. Afshordi (2019), arXiv: 1905.00446
N.O., D. Tsuna, and N. Afshordi (2020), arXiv: 2001.11642
N.O., D. Tsuna, and N. Afshordi (2020), arXiv: 2004.06276

N.O., N. Afshordi, S. Mukohyama (2020), in preparation



How can we observationally probe 
the quantum properties of BHs ?



To reach the Planck scale with a particle accelerator, 
its size should be comparable to the solar system.

Ringdown GWs tell us about the 
horizon structure.

M = M� TH ∼ 10−6 K� TCMB � 2.7 K

How about Hawking radiation ?

How about the Planck size structure of space?



Gravitational waves from a binary black hole

GW150914
(the first detection of GWs by LIGO)

LIGO collaboration, PRL (2016)

ringdown is useful to test a BH

• consist of specific modes 
   (Quaisi-Normal Modes)
• QNMs determined only by 
   its mass and angular momentum



Quasi-Normal Modes

]
∂

]

looking for ω satisfying this boundary condition

Regge-Wheeler equation

Ingoing modes Outgoing modes
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Standard Ringdown

massless scalar field (spin-0 field) l=2

fundamental QNM

numerical simulation

Frequency and damping rate are

independent of initial conditions.

ω0 = 0.9673− i0.1935

M = 1/2



Quantum nature of spacetime could (and how) 
modify those universal properties?

Effects of the Lifshitz scaling on the BH ringing

(model of microstructure of spacetime)



Discretized (coarse-grained) spacetime with 
a certain size?

Quantum Theory of Gravity (spacetime)

Bekenstein-Hawking entropy

Quantum Gravity 
→ Lorentz breaking theory at high energies?



Lifshitz scaling
Anisotropy between space and time

x → bx t → bzt

This idea was originally developed in condensed-matter systems.

(Lifshitz scalar field in D+1 dim)

Applying this to quantum gravity theory,

it becomes a renormalizable theory in a power-counting level.

Horava (2009)

Afterwards, (projectable) Horava-Lifhshitz gravity was proven

to be exactly renormalizable! Barvinsky et al. (2015)



Simplified Model

L =

∫
d4x

√−g [LEH + LSG + LGW]

F(Δ) ≡ −Δ3/M4
HL + ν4Δ

2/M2
HLLGW ≡ ψ(F(Δ) +�)ψ(perturbations)

(background) LEH ≡ 2

κ2
R

{
α(uμ∇μuν)

2 + β∇μu
ν∇νu

μ + γ(∇μu
μ)2

}
(preferred frame) LSG ≡ 2

κ2

uμ ≡ ∂μϕ√∇νϕ∇νϕ
ϕ : scalar graviton (khronon field)



Lifshitz scaling in gravity leads to…

• Modification to GW dispersion relation → superluminal propagation

• Scalar-graviton (khronon field) → preferred frame

Freely falling khronon field (preferred foliation)

Killing horizon

ϕ

r = 0

r
=

1

r

1 ϕ

ϕ



Schwarzschild black hole

perturbations

freely falling khronon field

L =

∫
d4x

√−g [LEH + LSG + LGW]

LEH

LSG

ϕ
ψ

Killing horizon

LGW



Preferred frame

Freely falling khronon field (preferred foliation)

Killing horizon

Solve the khronon field equation Background spacetime: Schwarzschild solution

ds2 = f(r)dt2 − dr2

f(r)
− r2dΩ2

2

f(r) ≡ 1− rs
r

rs = 1Set

∂2
ξU

U
− c2χ

∂2
ξV

V
+

2c2χ
ξ2

= 0

U2 − V 2 = 1− ξ ξ ≡ 1

r
U ≡ ut V ≡ ur

• khronon field equation • Analytic solutions

U = 1− 1

2r

U = 1− 1

r
+

27

162
1

r4

(cχ → 0)

(cχ → ∞)

Blas et al. (2011)



Wave equation
[
− Δ3

M4
HL

+ ν4
Δ2

M2
HL

+�
]
ψ(τ, r, θ, φ) = 0

Laplacian defined on constant τ Δ = ∂2
r∗ +

2U

r
∂r∗ − l(l + 1)

r2
dr∗ ≡ dr

U(r)

MHL

ν4 A ≡ ν4
M2

HLr
2
s

B ≡ 1

M4
HLr

4
s

ω2 = k2 +Ak4 +Bk6 r → ∞



Results -ringdown-

ω2 = k2 +Ak4 +Bk6
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τ

A = 0.1 B = 0.01 cχ → ∞
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B = 0.01 cχ → ∞A = −0.13



Results -reflectivity- cχ → ∞A = 0.1 B = 0.01
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superradiance



Why superradiance? -intuitive interpretation-

Superluminal propagation

→ mass extraction can be possibleProhibited mass extraction



Why superradiance? -What causes the SR?-
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Lorentz invariant case

Lorentz breaking case
Negative energy region


(mass extraction possible)

Universal horizon

cχ → ∞A = 0.1 B = 0.01



Observational constraints

MBH � 10−8M�

Lifshitz scaling effects could be dominant for asteroid-mass BHs

ω2 = c2k2 +Aαk
αcα

arXiv: 2010.14529 (LIGO and Virgo collaboration)



Interesting possible phenomenon 
-Evaporation of Primordial black holes-

Effects of Lifshitz scaling

suppressed

r = 0

angular momentum barrier

Minkowski vacuum fluctuations

Amplified Hawking radiation 
(due to the Lifshitz scaling?)

MBH 
 M2
Pl/MHL

MBH � M2
Pl/MHL

MBH ∼ M2
Pl

MHL

Lifshitz scaling

important

Inomata et al. (2020)



Important issues

• Superradiance of PBHs -> footprints on the stochastic GWs?


• Application to the D->4 Einstein-Gauss-Bonnet gravity


• Complicated wave equation from the general Horava-Lifshitz gravity


• Modification to the background should be also taken into account when 
extending to more general cases.


• The generalized 2nd law of thermodynamics would be broken due to the 
Lifshitz scaling.

Inomata et al. arXiv:2003.10455

Aoki et al. arXiv:2005.03859



r = 0

r
=

1

r

1

What if the interior does not exist?

Firewall proposal / BH complementarity state there is no interior for any observer / distant observer

r = 0

r
=

11
=

1
=

1

r
=

1
=

1

Blueshift effect at the Killing horizon



Black hole complementarity
Susskind+ (1993)

distant observer

horizon

r

r = 2GM

T (r) =
TH√

1− 2GM/r

TH =
1

8πGM

stretched 
horizon

r ∼ 2GM + �Pl

reflected

infalling observer

horizon

passing through 
the horizon

information



membrane paradigm
According to an infalling observer,

information causally disappears.

According to a distant observer,
information is dissipated due to the viscosity.

K. Thorne+ (1986)



Padmanabhan (2019)

reflectivity of QBHs ＝ Boltzmann factor?

Thermality of Horizon

Feynman propagator∑
paths

exp [−im�(x1, x2)] = G(x1, x2)

ξ = ∂/∂τ

G(x1, x2) = G(τ ;x1,x2)
Killing vector

A(ω) =

∫
dτG(τ)e−iωτ

Amplitude of propagation with E=ω from x1 to x2

A(ω) = A(−ω)case 1

t

x

Future

Right

Rindler horizon

x1

x2

x1

x2

case 1case 2
−ω

+ω−ω
+ω

|A(ω)|2/|A(−ω)|2 = exp [−ω/T (a)]case 2 T (a) ≡ a

2π

Boltzmann factor

(see also Hartle & Hawking (1976), Damour & Ruffini (1976))
Path integral approach Horizon tunneling approach



Abedi & Afshordi (2016)

reflection at the apparent horizon 
leads to GW echoes



Abedi, Afshordi, NO, Wang (2020)

Tentative evidence of GW echoes

Abedi and Afshordi (2018)



� ��� ��� ��� ���
����

����

�����

�����

�������	


������	


����	������


������	��	


t/rg

|ψ|

ā = 0.01

ā = 0.2

ā = 0.5

ā = 0.8

ā = 0.99

ā = 0.99

Echoes from a quantum BH

NO, Wang, Afshordi (2019)



Superradiance
Superradiance may cause the instability of ringdown GWs.

We should confirm NO instability ! 

H. Nakano+ (2017)
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TH/TQH = 1

TH/TQH � 0.537

|Rwall|2 = exp

[
− |ω̃|
TQH

]

NO ergoregion instability 
for the Boltzmann reflectivity

ω̃ ≡ ω −mΩH

azimuthal number

horizon frequency

NO, Tsuna, Afshordi (2020)

TH Hawking temperature

TQH temperature (free parameter)



Consistency with the tentative 
detection of GW echoes

NO, D. Tsuna, N. Afshordi (2020)

J. Abedi and N. Afshordi (2018)

∼ 6× 1039
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Re[2Mω]

Im
[−

2M
ω
]

n=0
n=1

n=2n=3
n=4

a/M = 0.5

72 Hz



Importance of  
overtones of QNMs

Giesler et al. (2019)
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ω
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n=0
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n=2n=3
n=4

a/M = 0.5



Abedi, Afshordi, NO, Wan (2020) [review paper]

Third-generation GW detectors

Cosmic Explorer website Einstein Telescope website

Am
pl

itu
de

frequency[Hz]

echo frequency Echo frequency



Can we test echo emission with the third-generation

GW detector if a failed supernova happens

within ~ 10 Mpc?

GW ringdown from a failed supernova

N6946-BH1(red giant failed to supernova)
NASA Hubble Space Telescope

NO, D. Tsuna, N. Afshordi (2020)

Radiation of GW ringdown

BH formation

failed supernova



Summary

• Lifshitz scaling could lead to the superradiance.


• It may leave some footprints, for example, on the background GW signal 
originating from the reheating process that induces stochastic GW.


• Thermality of horizon could lead to the Boltzmann reflectivity that can be 
consistent with the tentative detection although no conclusive evidence exists.


• Third-generation GW detectors may be able to test the echo emission with 
their enough precisions.


• Failed supernova is another candidate to test echo GW in addition to compact 
binary coalescences if it happens within ~ 10 Mpc with an optimistic situation.



Quantum Black Hole

Higgs metastability
(seeded vacuum decay)

GW/scalar emission
(ringdown, superradiance, echoes)

Inflation

(initial condition, thermal nature of DS)

Astrophysics

Cosmology

Particle physics



Hawking-Moss transition with black holes

R. Gregory, I. G. Moss, NO, (2020) arXiv: 2003.04927

R. Gregory, I. G. Moss, NO, S. Patrick (2020) arXiv: 2007.11428



What is the initial condition for inflation?



Initial condition problem for inflation

• Numerical calculation of inhomogeneous spaces (inhomogeneous 
matter + positive energy density): linear and non-linear computations

• beyond linear theory → numerical relativity (non-linear fluctuations)

• Linear computations → slow-roll trajectory for large field inflation is a 
local attractor A. Albrecht+ (1985) D.S. Goldwirth (1991) R.Easther+ (2014)

H. A. Feldman+ (1989) R.H.Brandenberger+ (1989)

• 1-dim simulations: inflation is likely in the case of large field inflation
H. Kurki-Suonio + (1987) P. Laguna + (1991) H. Kurki-Suonio + (1993)

• Black holes form at the pre-inflation epoch → BHs diluted due to expansion
W. East + (2015)



W. East + (2015)

→ BHs form
ρ(x)/ρV � 103

k � H0

Simulation of inhomogeneous space at a pre-inflation 

Hoop conjecture

k � H

mass of the over-density Schwarzschild radius

4π

3
Gk−3ρ � k−1/2



BHs

inflation 
(Happy scenario)

cosmological

expansion

diluted BHs



Degrassi et al. (2013)

V =
1

4
λeff(φ)φ

4

We are here
Second minimum?

What if the vacuum state is metastable?

(e.g. Higgs metastability and/or landscape picture)



BHs

or

inflation

cosmological

expansion

AdS vacuum + BHs? 
(another sad scenario)

phase transition catalyzed by BHs



Vacuum Phase Transition

φ

V

φF

φT

φtop
Hawking and Moss (1982)

HM: thermal jump

Coleman and de Luccia (1980)

CDL: quantum tunnelling

S =
1

16πG

∫
d4x

√−gR+

∫
d4x

√−g

[
1

2
gμν∂μφ∂νφ− V (φ)

]



Computation of decay rate 
-Euclidean path integral-

Based on the Euclidean path integral and semi-classical approximation,

ΔSE = SE[φf ]− SE[φi]

Γ ∼ e−ΔSE

φ = φf (x)φ = φi(x)

Vacuum excitation/decay

ΔSE ∼ ΔF

T

action
free energy

temperature

Euclidean bubble solution background



φ

V

φF

φT

φtop
HM transition

CDL transition 
(catalyzed by BHs)

BHs

HM phase transition ?
Catalyzed by BHs?

R. Gregory + (2014)

Catalyzed by BHs?



CDL vs HM

A. Rajantie + (2017)

CDL bounce solution exists when

is satisfied at the top of potential barrier.

|V ′′|/H2 > 4

Otherwise, only the HM bounce is allowed. 

β ≡ |V ′′|/H2

β > 4 β < 4
Intermediate solutions between them?

Oscillating bounce solutions

CDL

HM
oscillating bounce



CDL, HM, and oscillating bounce

CDL

oscillating 
bounce (n=3)

n=5

n=7 ~ HM bounce

Γ ∼ e−B

oscillating bounces with many oscillations → HM bounce

Hackworth+ (2004)
Inside

wall
outside

CDL

~HM



Static oscillating bounce in 
Schwarzschild-de Sitter space

static and spherical metric

ds2 = f(r)e2δ(r)dτ2 +
dr2

f(r)
+ r2(dθ2 + sin2 θdϕ2)

f = 1− 2Gμ(r)

rE.O.M. of a scalar field and Einstein equations

fφ′′ + f ′φ′ +
2

r
fφ′ + δ′fφ′ − Vφ = 0

μ′ = 4πr2
(
1

2
fφ′2 + V

)

δ′ = 4πGrφ′2



� �� �� �� ��

������

�����

�����

�����

	����

��
� �

�

� �� �� �� ��

������

�����

�����

�����

	����

��
� �

�

� �� �� �� ��

������

�����

�����

�����

	����

��
� �

�

� �� �� �� ��

������

�����

�����

�����

	����
��
� �

�

(a) (b)

(c) (d)

k=1 k=3

k=5 k=7

φ = φT

φ = φF

BH horizon

DS horizon

RESULTS

~ Hawking-Moss bounce with a BH?

R. Gregory, I. G. Moss, NO (2020)
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initial state

oscillating bounce BHHM bounce

phase transition

BH BH

BH

V (φ(r))/Vtop

x [lPl]

y 
[l P

l]

y 
[l P

l]

x [lPl]

x [lPl]

y 
[l P

l]

(k=7)

Super thick bubble

~ BHHM bounce

Infinite-oscillation limit



BHHM bounce
HM bounce around a BH (BHHM bounce)

Transition between two SdS spacetimes

SdS space SdS space

M ′
BH M ′

vacMBH Mvac

Conservation of the total energy inside the cosmological horizon

MBH +Mvac = M ′
BH +M ′

vac



HM vs BHHM
ΓHM ∼ e−ΔSE = eΔAc/4G � e−ΔE/TdS

increment of the internal energy → exponential suppression

In our case, there exists not only vacuum energy but also a seed BH.

→ vacuum can consume the energy of BH to go to the potential top!

Internal energy inside the cosmological horizon is conserved

=
rc = r′cRadius of the cosmological horizon


before HM transition 
Radius of the cosmological horizon


after HM transition 

ΓBHHM ∼ e−ΔSE = e
(ΔAc+ΔABH )

4G = e
ΔABH

4G

Gregory, Moss, NO, Patrick (2020) 
arXiv: 2007.11428
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oscillating bounce (k=7)

BHHM bounce

ΔMbh/Tav

critical point (M+ = Mc)

HM bounce

ΔS = −A(Mc)

4G

EUCLIDEAN ACTION
-COMPARISON- Γ ∼ eΔS

Catalyzed!!!

ce

+ =

oscillating bounce (k=7) ~ BHHM bounce



BHs

or

inflation

cosmological

expansion

AdS vacuum + BHs? 
(another sad scenario)

phase transition

Expansion rate > Phase transition rate → safe

Expansion rate < Phase transition rate → catastrophic

Constraint on number density of pre-inflation BHs

Interesting problem



Summary

• An oscillating bounce with a seed BH, which may be an intermediate solution 
between the CDL and HM bounce, was investigated.


• The oscillating bounce is well consistent with the HM bounce with a BH (i.e. 
field configuration and the values of Euclidean action).


• The initial condition of inflation may be very inhomogeneous and 
accommodated many PBHs.


• Mini BHs could catalyze the Hawking-Moss transition.


• The number density of pre-inflation BHs should be constrained in order for the 
present Universe to exist, provided that there was the vacuum metastability at 
the early Universe. -> shed light on the initial condition problem for inflation??



Quantum Black Hole

Higgs metastability

(seeded vacuum decay)

GW/scalar emission
(ringdown, superradiance, echoes)

Inflation
(initial condition, thermal nature of DS)

Astrophysics

Cosmology

Particle physics



Vacuum decay catalyzed by

black holes or compact objects

Situation where the Bekenstein-Hawking entropy

affects a cosmological phenomenon 

T. Hayashi, K. Kamada, NO, J. Yokoyama (2020) arXiv: 2005.12808
NO, (2020) arXiv: 2002.11175 

NO, K. Ueda, M. Yamaguchi (2019) arXiv: 1909.01378 
NO, M. Yamada, M. Yamaguchi (2018) arXiv: 1808.01382 



Vacuum Phase Transition

φ

V

φF φT
φtop

Hawking and Moss (1982)

thermal jump

Coleman and de Luccia (1980)

quantum tunnelling

S =
1

16πG

∫
d4x

√−gR+

∫
d4x

√−g

[
1

2
gμν∂μφ∂νφ− V (φ)

]



Why are the vacuum phase 
transitions important?

Open inflation

Bucher, Goldhaber, Turok (1995)
Gott (1982)

Johnson+ (2016)

Cosmology

Higgs Metastability
Particle Physics

Degrassi+ (2013)

Sher (1989), Arnold (1989)
ATLAS collaboration (2012)

For example…



A Higgs particle

ATLAS collaboration (2012)
https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResultsHIG

A Higgs particle with ~125 GeV has been found!!



Running coupling

Degrassi et al. (2013)

The Higgs self-coupling can be negative at high energies.

V =
1

4
λeff(φ)φ

4

We are here
Second minimum?



Minkowski

AdS

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

f(r) =
1

1 +H2r2

…

…

Minkowski

AdS

Israel junction condition

√
1 +H2R2 + Ṙ2

R
−

√
1 + Ṙ2

R
= −4πGσ

SE[φf ] =
π

GH2

(4πGσ)4/H4

(1− (4πGσ)2/H2)2

CDL action

∼ 103

Evaluating the vacuum decay rate

(4-volume of the observable universe) × � 1Γ ∼ exp[540− SE[φf ]]

…

…

Lorentzian

Euclidean
γ =

|H2 − (4πGσ)2|
8πGσ

R = γ−1 cosh γτ

R = γ−1 cos γτE

Our Universe is safe!!

energy density of wall

σ



However, 
this estimation is based on the 
homogeneity of the Universe.

In our universe, there are black holes, neutron stars, 
and so on.



How do “cosmic impurities” 
(such as black holes, neutron stars, monopoles) 
affect the cosmological phase transitions? 

Enhancement of decay rate!!!



Black holes as bubble nucleation cites

AdS-Sch

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

f(r) =

…

…

Schwarzschild

AdS-Schwarzschild Schwarzschild

1− 2GM+/r

1− 2GM−/r +H2r2

Hiscock (1987) & Gregory et al. (2014)

review part in [N.O. et al. (2019)]

CDL

BHṘ2 ± V (R) = 0

Lorentzian

Euclidean

Junction condition

Σ ≡ 4πGσ



Gregory et al. (2014)

Γ ∼ e−B

BH mass

Schwarzschild-dS Schwarzschild
vacuum decay

less than unity →BH is a catalyst !!



Higgs - PBH
λeff = λ∗ + b

(
ln

φ

MPl

)2

+ c

(
ln

φ

MPl

)4

V =
1

4
λeff(φ)φ

4

λ∗ = −0.004 b = 1.5× 10−5 c = 0

our Universe destroyed

our Universe is SAFE

our Universe is SAFE

(spectral index)
(spectral index)

(M
as

s 
o

f 
P

B
H

)

(t
em

p
er

at
ur

e 
at

 t
he

 f
o

rm
at

io
n 

ti
m

e)
Dai+ (2019)

Higgs potential

PBHs (spectral index of the density fluctuations, mass, temp.)

our Universe destroyed

[g][GeV]



Thermal effects?

Spin?

TH =
1

8πGM

M ∼ 106MPl TH ∼ 1012GeV

accretion of the surrounding radiation 
-> non-zero spin of PBHs

Dong+ (2016)(this effect is very efficient for small PBHs)

Our Universe is rescued ?   ※ in the context of reheating process, c.f.
Espinosa, Racco, Riotto (2018)



Γ ∼ e−ΔSE (a)
spin parameter
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Σ/MPl = 1.3× 10−5

a/GM

a � 0.93GM

SE

error due to the θ-dependence of V

rs = 103�Pl, H = 1× 10−4MPl,Σ = 1.5× 10−5MPl

zz



Can any spinning BHs 
catalyze vacuum decay?

NO. 
There is the upper mass limit for 

BH catalysts.
Interior curvature

wall tensionspin

MC

MC = MC(a,H,Σ)



Critical mass
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MC

NO bounce solution

BH catalyst effect

More massive BHs are allowed to 
have the bounce solution for spinning case.

Σ/H = 4× 10−7

H = 5× 10−9MPl



Small-mass naked singularities 
censored by the Higgs field?

NO, arXiv: 2002.11175 [CQG 37 (2020) 07LT01]

over-spinning

naked singularity

spinning BH

rotating vacuum bubble wall

Lsin < LmaxLsin > Lmax

Ltot = Lsin Ltot = Lsin + Lbubble

naked singularity BH

ΔS = 0 ΔS 
 1

Γ ∼ e−B = e−Bwall+ΔS
Bekenstein-Hawking entropy



R ∼ 2Σ

H2 − Σ2

Σ ≡ 4πGσ

NO, M. Yamada, M. Masahide (2018)

R ∼ 2GM & Lifetime of vacuum can be shorter than the cosmic age

Vacuum decay catalyzed by a horizonless compact object

CDL bubble radius



compact object

black hole

Bekenstein-Hawking entropy

Schwarzschild
AdS-Schwarzschild

The Bekenstein-Hawking entropy decreases

Transition rate is suppressed NO, M. Yamada, M. Masahide (2018)

Horizonless object could catalyze vacuum decay more efficiently!!



Does thermal effect prevent 
the catalyst effect??

Kohri & Matsui (2018) Mukaida & Yamada (2018)

There are arguments that the catalyst effect would be suppressed 
by the Hawking radiation, which is inversely proportional to the BH mass.

However, there is no rigorous calculations and results to show the argument.

Eternal BH 
(H-H vacuum)

Realistic BH 
(Unruh vacuum)
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𝑀𝐵𝐻 < 107𝑚𝑝𝑙

Large transition rate

 ������������ )~𝜆 ∼ 2.2
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MBH/MPl

− log ΓD/H

size of the Hawking thermal plasma << bubble size

Why can we ignore the thermal corrections of BH?



Summary

• spinning BHs can be catalysts for vacuum decay


• near extremal BHs (oppositely) stabilize a false vacuum


• upper mass limit for BH catalyst increases for a > 0


• BH catalyzing effect can be a cosmic censorship mechanism


• Hawking thermal corrections to the Higgs effective potential may be negligible.


