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Outline

• Neutrino oscillations in vacuum
Flavors and masses; mixing and flavor change

• Neutrino oscillations in matter: 
Wolfenstein potential; dispersion relations of neutrinos

• Neutrino oscillations in dark matter
Medium-induced mass and “Weyl” neutrino oscillations; Implications 

• Discussion and conclusion
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Neutrino Oscillations in Vacuum
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Flavors and Masses

• Flavored neutrinos: Weak interaction eigenstates

• Neutrino masses: Majorana (LNV) Dirac (LNC)
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Mixing and flavor change
• Weak eigenstates ≠ Mass eigenstates

• Two-flavor neutrino propagation in vacuum
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Ultra-relativistic limit:
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Neutrino evolution equation

• Propagation Hamiltonian:

• Two-flavor evolution:
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Neutrino Oscillations in Matter
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Wolfenstein potential

• Wolfenstein 1978: “Coherent forward scattering of neutrinos leaving 
the medium unchanged must be taken into account.”

• Neutrino evolutions in matter: 
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ℋ𝑒𝑒𝑒𝑒𝑒𝑒 = 2 2 𝐺𝐺𝐹𝐹 𝜈𝜈𝑒𝑒𝐿𝐿𝛾𝛾𝜇𝜇𝑒𝑒𝐿𝐿 𝑒𝑒𝐿𝐿 𝛾𝛾𝜇𝜇𝜈𝜈𝑒𝑒𝐿𝐿 ⇒ 𝑉𝑉𝑊𝑊 𝜈𝜈𝑒𝑒𝐿𝐿𝛾𝛾0𝜈𝜈𝑒𝑒𝐿𝐿 𝑉𝑉𝑊𝑊 = 2 𝐺𝐺𝐹𝐹𝑁𝑁𝑒𝑒

𝐻𝐻𝜈𝜈/�𝜈𝜈 = 𝑀𝑀2

2𝐸𝐸
± 𝑉𝑉𝑊𝑊

𝜈𝜈 ⇒ �̅�𝜈

⇒



Generalized Wolfenstein potential

• In a medium with arbitrary 𝑁𝑁𝑒𝑒 and 𝑁𝑁�̅�𝑒
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+ 1
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∑𝑠𝑠 𝑣𝑣𝑠𝑠 𝑘𝑘 �̅�𝑣𝑠𝑠(𝑘𝑘) 𝑁𝑁�𝑒𝑒

2𝑘𝑘0



Medium-dressed spinors

• Self-energy correction to neutrinos

• Massless spinors satisfy
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ℒ𝑘𝑘𝑖𝑖𝑘𝑘 ⇒ 𝜈𝜈𝐿𝐿 𝑝𝑝𝜇𝜇 − 𝑔𝑔𝜈𝜈2
�𝑒𝑒𝐿𝐿𝛾𝛾𝜇𝜇𝑒𝑒𝐿𝐿
𝑚𝑚𝑊𝑊
2 − 𝑞𝑞2

𝛾𝛾𝜇𝜇𝜈𝜈𝐿𝐿 ≡ 𝜈𝜈𝐿𝐿 𝑝𝑝𝜇𝜇 − 𝑘𝑘𝜇𝜇Σ𝑊𝑊 𝛾𝛾𝜇𝜇𝜈𝜈𝐿𝐿

Σ𝑊𝑊 = 𝑔𝑔𝜈𝜈2
𝑁𝑁𝑒𝑒+�̅�𝑒
𝑚𝑚𝑒𝑒

−2𝑚𝑚𝑒𝑒𝐸𝐸 + 𝜖𝜖 𝑚𝑚𝑊𝑊
2 − 𝑝𝑝2 − 𝑚𝑚𝑒𝑒

2

𝑚𝑚𝑊𝑊
2 − 𝑝𝑝2 − 𝑚𝑚𝑒𝑒

2 2 − 4𝑚𝑚𝑒𝑒
2𝐸𝐸2

𝑝𝑝 − 𝑘𝑘Σ𝑊𝑊 2 = 𝐸𝐸 −𝑚𝑚𝑒𝑒Σ𝑊𝑊 2 − p2 = 0
±𝜖𝜖 for 𝜈𝜈/�𝜈𝜈

𝐸𝐸 = 𝑚𝑚𝑒𝑒Σ𝑊𝑊 ± p

𝑝𝑝𝜇𝜇 = 𝐸𝐸, p
𝑘𝑘𝜇𝜇 = (𝑚𝑚𝑒𝑒 , 0)

𝜖𝜖 ≡
𝑁𝑁𝑒𝑒 − 𝑁𝑁�̅�𝑒
𝑁𝑁𝑒𝑒 + 𝑁𝑁�̅�𝑒



Dispersion relations

• Wolfenstein potential for 𝑚𝑚𝑊𝑊
2 ≫ p2,𝑁𝑁𝑒𝑒+�̅�𝑒/𝑚𝑚𝑒𝑒 ,

• Medium-induced neutrino oscillation for 2𝑚𝑚𝑒𝑒p ≫ 𝑚𝑚𝑊𝑊
2 ,
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𝐸𝐸𝜈𝜈/�𝜈𝜈 = p ± 𝜖𝜖 𝑔𝑔𝜈𝜈2
𝑁𝑁𝑒𝑒+�̅�𝑒
𝑚𝑚𝑊𝑊
2 + 𝜖𝜖2𝑔𝑔𝜈𝜈2

𝑁𝑁𝑒𝑒+�̅�𝑒2 /𝑚𝑚𝑊𝑊
4

p
+ ⋯

𝐸𝐸𝜈𝜈/�𝜈𝜈 = p + 𝑔𝑔𝜈𝜈2
𝑁𝑁𝑒𝑒+�̅�𝑒/𝑚𝑚𝑒𝑒

2p
∓ 𝜖𝜖 𝑔𝑔𝜈𝜈2

(𝑁𝑁𝑒𝑒+�̅�𝑒/𝑚𝑚𝑒𝑒
2)𝑚𝑚𝑊𝑊

2

4p2
+ ⋯



Neutrino Oscillations in Dark Matter
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Generalized medium

• Variant models of dark matter and mediator
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ℒ′ = 𝑔𝑔𝛼𝛼𝑖𝑖 𝑓𝑓𝑖𝑖𝐿𝐿𝛾𝛾𝜇𝜇𝜈𝜈𝛼𝛼𝐿𝐿 𝑋𝑋𝜇𝜇 + ℎ. 𝑐𝑐. (1)

𝑔𝑔𝛼𝛼𝑖𝑖 �𝑓𝑓𝑖𝑖𝜈𝜈𝛼𝛼𝐿𝐿 𝜙𝜙𝑖𝑖 + ℎ. 𝑐𝑐. (2)

𝑔𝑔𝛼𝛼𝑖𝑖 𝑓𝑓𝑖𝑖𝑖𝑖𝜈𝜈𝛼𝛼𝐿𝐿 𝜙𝜙 + ℎ. 𝑐𝑐. (3)

𝑔𝑔𝛼𝛼𝛼𝛼 𝜈𝜈𝛼𝛼𝑖𝑖
𝑐𝑐 𝜈𝜈𝛼𝛼𝐿𝐿 𝜙𝜙 + ℎ. 𝑐𝑐. 4

𝑔𝑔𝛼𝛼𝛼𝛼 𝜈𝜈𝛼𝛼𝑖𝑖
𝑐𝑐 𝜈𝜈𝛼𝛼𝐿𝐿 𝜙𝜙 + 𝑦𝑦 𝜙𝜙 ̅𝑓𝑓𝑖𝑖𝑓𝑓𝐿𝐿 + ℎ. 𝑐𝑐. (5)

ℒ0 =
1
2
𝜈𝜈𝐿𝐿𝑖𝑖𝑖𝑖𝜈𝜈𝐿𝐿 +

1
2
𝜈𝜈𝑖𝑖𝑐𝑐𝑖𝑖𝑖𝑖𝜈𝜈𝑖𝑖𝑐𝑐

−
1
2
𝜈𝜈𝑖𝑖𝑐𝑐𝑀𝑀𝜈𝜈𝐿𝐿 −

1
2
𝜈𝜈𝐿𝐿𝑀𝑀+𝜈𝜈𝑖𝑖𝑐𝑐

/ /

𝑢𝑢𝐿𝐿, 𝑣𝑣𝐿𝐿 or (𝑢𝑢𝐿𝐿,𝑢𝑢𝑖𝑖 = 𝑣𝑣𝐿𝐿 𝑐𝑐)



General formulation
• In a Lorenz invariant medium:

• Rest mass correction: 

• Kinetic correction  Dispersion relation changed  “Effective 
mass” (refraction index) & DM potential induced.

• Denser medium  Heavier mass (larger refraction)
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ℒ = �𝑢𝑢𝐿𝐿 𝑝𝑝 𝑝𝑝 − 𝑝𝑝Σ1 − 𝑘𝑘Σ2 𝑢𝑢𝐿𝐿(𝑝𝑝) + �𝑢𝑢𝑖𝑖 𝑝𝑝 𝑝𝑝 − 𝑝𝑝�Σ1 − 𝑘𝑘�Σ2 𝑢𝑢𝑖𝑖(𝑝𝑝)

− �𝑢𝑢𝑖𝑖(𝑝𝑝) 𝑀𝑀 + Σ0 𝑢𝑢𝐿𝐿(𝑝𝑝) − �𝑢𝑢𝐿𝐿(𝑝𝑝)(𝑀𝑀++�Σ0)𝑢𝑢𝑖𝑖(𝑝𝑝)

/ // / / /

(5)

(3,4) (1,2,3,4)

Σ1,2
+ = Σ1,2

Σ0 = 𝑔𝑔𝑦𝑦 𝜌𝜌𝐷𝐷𝑀𝑀/𝑚𝑚𝜙𝜙
3



Neutrinos in a scalar medium

• Neutrino-DM interaction

• Self-energy corrections by the medium: Σ1,2
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ℒ′ = 𝑔𝑔𝛼𝛼𝑖𝑖 𝑓𝑓𝑖𝑖𝑖𝑖𝜈𝜈𝛼𝛼𝐿𝐿 𝜙𝜙 + ℎ. 𝑐𝑐. = 𝑔𝑔𝛼𝛼𝑖𝑖∗ 𝑓𝑓𝑖𝑖𝐿𝐿𝑐𝑐𝜈𝜈𝛼𝛼𝑖𝑖𝑐𝑐 𝜙𝜙∗ + ℎ. 𝑐𝑐.

ℒ𝑘𝑘𝑖𝑖𝑘𝑘 = �𝑢𝑢𝐿𝐿 𝑝𝑝 𝑝𝑝 − 𝑝𝑝Σ1 − 𝑘𝑘Σ2 𝑢𝑢𝐿𝐿(𝑝𝑝) + �𝑢𝑢𝑖𝑖 𝑝𝑝 𝑝𝑝 − 𝑝𝑝�Σ1 − 𝑘𝑘�Σ2 𝑢𝑢𝑖𝑖(𝑝𝑝)/ // / / /



Diagramatic calculation
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ℒ′ = 𝑔𝑔𝛼𝛼𝑖𝑖 𝑓𝑓𝑖𝑖𝑖𝑖𝜈𝜈𝛼𝛼𝐿𝐿 𝜙𝜙 + ℎ. 𝑐𝑐. = 𝑔𝑔𝛼𝛼𝑖𝑖∗ 𝑓𝑓𝑖𝑖𝐿𝐿𝑐𝑐𝜈𝜈𝛼𝛼𝑖𝑖𝑐𝑐 𝜙𝜙∗ + ℎ. 𝑐𝑐.

ℒeff = �𝑢𝑢𝐿𝐿 𝑝𝑝 𝑝𝑝 − 𝜆𝜆
𝑝𝑝 + 𝑘𝑘

𝑝𝑝 + 𝑘𝑘 2 − 𝑚𝑚𝑋𝑋
2
𝑁𝑁DM
2𝑘𝑘0

+
𝑝𝑝 − 𝑘𝑘

𝑝𝑝 − 𝑘𝑘 2 − 𝑚𝑚𝑋𝑋
2
𝑁𝑁DM
2𝑘𝑘0

𝑢𝑢𝐿𝐿 𝑝𝑝

+�𝑢𝑢𝑖𝑖 𝑝𝑝 𝑝𝑝 − 𝜆𝜆∗
𝑝𝑝 + 𝑘𝑘

𝑝𝑝 + 𝑘𝑘 2 − 𝑚𝑚𝑋𝑋
2
𝑁𝑁DM
2𝑘𝑘0

+
𝑝𝑝 − 𝑘𝑘

𝑝𝑝 − 𝑘𝑘 2 − 𝑚𝑚𝑋𝑋
2
𝑁𝑁DM
2𝑘𝑘0

𝑢𝑢𝑖𝑖(𝑝𝑝)

−�𝑢𝑢𝑖𝑖 𝑝𝑝 𝑀𝑀𝑢𝑢𝐿𝐿(𝑝𝑝) − �𝑢𝑢𝐿𝐿 𝑝𝑝 𝑀𝑀+𝑢𝑢𝑖𝑖(𝑝𝑝)

/
/

/

/

//

/

/
/

/

DM DM
𝑘𝑘 𝑘𝑘

𝑝𝑝 𝑝𝑝
𝑝𝑝 + 𝑘𝑘

DM

DM

𝑝𝑝

𝑝𝑝𝑘𝑘

𝑘𝑘

𝑝𝑝 − 𝑘𝑘𝜈𝜈 ⇒ �̅�𝜈

⇒
𝜆𝜆 = 𝑔𝑔𝑔𝑔†

diag.
𝑔𝑔 2



Finite temperature/density calculation
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• Modified neutrino propagator in a medium:

𝜈𝜈𝐿𝐿 (𝑝𝑝) 𝜈𝜈𝐿𝐿 (𝑝𝑝)𝑓𝑓𝑖𝑖 (𝑝𝑝 + 𝑘𝑘)

𝜙𝜙 (𝑘𝑘)

𝑔𝑔 𝑔𝑔⟊

S𝜈𝜈−1 𝑝𝑝 = 𝑝𝑝 − Σ = 𝑝𝑝 − 𝑝𝑝Σ1 − 𝑘𝑘Σ2/ / / / /

Σ = 𝑖𝑖 𝑔𝑔𝑔𝑔⟊ ∫ 𝑑𝑑4𝑘𝑘
2𝜋𝜋 4 Δ𝜙𝜙 𝑘𝑘 𝑆𝑆𝑒𝑒(𝑝𝑝 + 𝑘𝑘)/

Δ𝜙𝜙 𝑘𝑘 =
1
𝑘𝑘2

− 2𝜋𝜋𝑖𝑖 𝛿𝛿 𝑘𝑘2 − 𝑚𝑚𝜙𝜙
2 𝑓𝑓𝜙𝜙(𝑘𝑘)

S𝑒𝑒 𝑞𝑞 = 𝑞𝑞 + 𝑚𝑚𝑒𝑒
1

𝑞𝑞2 − 𝑚𝑚𝑒𝑒
2 + 2𝜋𝜋𝑖𝑖 𝛿𝛿 𝑞𝑞2 − 𝑚𝑚𝑒𝑒

2 𝑓𝑓𝑒𝑒 𝑞𝑞/

𝑘𝑘 = 𝑘𝑘0, 𝑘𝑘 ≃ (𝑚𝑚𝜙𝜙, 0)

𝑓𝑓𝑒𝑒 𝑞𝑞 ≡ 0
𝑓𝑓𝜙𝜙 𝑘𝑘 = 𝜃𝜃 𝑘𝑘0 𝑛𝑛𝜙𝜙 + 𝜃𝜃 −𝑘𝑘0 𝑛𝑛�𝜙𝜙 2𝜋𝜋 3𝛿𝛿3(𝑘𝑘)

Dark matter 4-momentum:

Distribution functions:



Self-energy corrections

• For 𝜈𝜈 and �̅�𝜈, 
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Σ1 �Σ1 ⇒ 𝛿𝛿𝑚𝑚2(∗) 𝑝𝑝2 + 𝑚𝑚𝜙𝜙
2 −𝑚𝑚𝑒𝑒

2 ± 𝜖𝜖(2𝑚𝑚𝜙𝜙𝐸𝐸)

𝑝𝑝2 + 𝑚𝑚𝜙𝜙
2 −𝑚𝑚𝑒𝑒

2
2
− 4𝑚𝑚𝜙𝜙

2𝐸𝐸2

Σ2(�Σ2) = 𝛿𝛿𝑚𝑚2(∗) ±𝜖𝜖 𝑝𝑝2 + 𝑚𝑚𝜙𝜙
2 − 𝑚𝑚𝑒𝑒

2 − (2𝑚𝑚𝜙𝜙𝐸𝐸)

𝑝𝑝2 + 𝑚𝑚𝜙𝜙
2 −𝑚𝑚𝑒𝑒

2
2
− 4𝑚𝑚𝜙𝜙

2𝐸𝐸2

𝑝𝑝 ≡ 𝐸𝐸, p , p ≡ |p|

𝜖𝜖 ≡
𝑁𝑁DM − 𝑁𝑁DM
𝑁𝑁DM + 𝑁𝑁DM

𝛿𝛿𝑚𝑚2 ≡ 𝑔𝑔𝑔𝑔+

2
𝜌𝜌DM
𝑚𝑚DM
2

𝜌𝜌DM ≡ 𝑚𝑚DM(𝑁𝑁DM + 𝑁𝑁DM)

𝑝𝑝 − Σ = 𝑝𝑝 − 𝑝𝑝Σ1 − 𝑘𝑘Σ2/ / / / /

𝑝𝑝 − �Σ = 𝑝𝑝 − 𝑝𝑝�Σ1 − 𝑘𝑘�Σ2/ / / / /



Free spinors in a scalar medium

• Eqs of motion 

• Dispersion relations for “massless” (Weyl) neutrinos: 𝑀𝑀 ≡ 0
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𝑝𝑝 − Σ 𝜇𝜇𝛾𝛾𝜇𝜇 𝑢𝑢𝐿𝐿 𝑝𝑝 = 𝑀𝑀+𝑢𝑢𝑖𝑖 𝑝𝑝
𝑝𝑝 − �Σ 𝜇𝜇𝛾𝛾𝜇𝜇 𝑢𝑢𝑖𝑖(𝑝𝑝) = 𝑀𝑀 𝑢𝑢𝐿𝐿(𝑝𝑝)

Σ𝜇𝜇 ≡ 𝑝𝑝𝜇𝜇Σ1 + 𝑘𝑘𝜇𝜇Σ2
�Σ𝜇𝜇 ≡ 𝑝𝑝𝜇𝜇 �Σ1 + 𝑘𝑘𝜇𝜇 �Σ2

𝑝𝑝 − Σ 2 = 0
𝑝𝑝 − �Σ 2 = 0

𝐸𝐸 1 − Σ1 −𝑚𝑚DMΣ2 2 − p2 1 − Σ1 2 = 0 for 𝜈𝜈
𝐸𝐸 1 − �Σ1 − 𝑚𝑚DM�Σ2 2 − p2 1 − �Σ1 2 = 0 for �̅�𝜈

*) Different dispersion 
relations for Majorana
and Dirac neutrinos 
(𝑀𝑀 ≠ 0).



Dispersion relations

• 𝑚𝑚𝑒𝑒
2 ≫ 𝛿𝛿𝑚𝑚2,2𝑚𝑚𝜙𝜙p ≫ 𝑚𝑚𝜙𝜙

2
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𝐸𝐸2 = p2 − 2𝜖𝜖𝑚𝑚𝜙𝜙p
𝛿𝛿𝑚𝑚2

𝑚𝑚𝑒𝑒
2

−4p2
𝑚𝑚𝜙𝜙
2 𝑖𝑖𝑚𝑚2

𝑚𝑚𝑓𝑓
4 + 𝜖𝜖2𝑚𝑚𝜙𝜙

2 𝑖𝑖𝑚𝑚2

𝑚𝑚𝑓𝑓
2

2

⋯

𝐸𝐸2 = p2 + 𝛿𝛿𝑚𝑚2

−𝜖𝜖𝛿𝛿𝑚𝑚2 2𝛿𝛿𝑚𝑚
2 − 𝑚𝑚𝑒𝑒

2

2𝑚𝑚𝜙𝜙p + ⋯

𝐸𝐸
High p

p − 𝜖𝜖𝑚𝑚𝜙𝜙
𝛿𝛿𝑚𝑚2

𝑚𝑚𝑒𝑒
2

−2p
𝑚𝑚𝜙𝜙
2 𝑖𝑖𝑚𝑚2

𝑚𝑚𝑓𝑓
4 + ⋯

𝐸𝐸
High p

p +
𝛿𝛿𝑚𝑚2

2p

−𝜖𝜖 𝑖𝑖𝑚𝑚
2

2p

2𝑖𝑖𝑚𝑚2−𝑚𝑚𝑓𝑓
2

2𝑚𝑚𝜙𝜙p
+ ⋯

𝐸𝐸2 = p2 + 𝛿𝛿𝑚𝑚2

+𝑚𝑚𝑒𝑒
2 + 2𝜖𝜖𝑚𝑚𝜙𝜙p + ⋯

𝐸𝐸
Low p

𝛿𝛿𝑚𝑚2 ≫ p (? ? )

• 2𝑚𝑚𝜙𝜙p ≫ 𝛿𝛿𝑚𝑚2,𝑚𝑚𝑒𝑒
2 ≫ 𝑚𝑚𝜙𝜙

2 • 𝛿𝛿𝑚𝑚2 ≫ 2𝑚𝑚𝜙𝜙p,𝑚𝑚𝑒𝑒
2 ≫ 𝑚𝑚𝜙𝜙

2

𝐸𝐸
High p

p +
𝛿𝛿𝑚𝑚2

2p
+𝜖𝜖𝑚𝑚𝜙𝜙 + ⋯

𝛿𝛿𝑚𝑚2 ≡ 𝑔𝑔𝑔𝑔+

2
𝜌𝜌DM
𝑚𝑚DM
2



Effective mass in a medium 

• For the galactic DM density;

• It is an L-conserving mass-squared:

• Medium-induced neutrino oscillation:

• Low-p limit:  
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𝛿𝛿𝑚𝑚gal
2 ≡

2
𝜌𝜌DM
gal

𝑚𝑚DM
2 ≈ 2.5 × 10−3eV2 𝑔𝑔𝑔𝑔+ 𝛼𝛼𝛼𝛼

0.02eV
𝑚𝑚DM

2

𝜌𝜌DM
gal ≈ 0.3 GeV/cm3 ≈ 2.3 × 10−6 eV4

𝐸𝐸2 ≈ p2 + 𝛿𝛿𝑚𝑚2

𝐸𝐸 ≈ p +
𝛿𝛿𝑚𝑚2

2p

𝐸𝐸 ≈ 𝛿𝛿𝑚𝑚2 ?



Weyl neutrino oscillations

• Solar and Atmospheric neutrinos: 𝐸𝐸𝜈𝜈 ≈ p

• Neutrino oscillation by medium-induced mass 2 for

• CP asymmetry may be observable for 
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psol = 0.1 − 10 MeV , patm = 0.1 − 100 GeV

Δ𝑚𝑚sol
2 = 7.5 × 10−5 eV2 , Δ𝑚𝑚atm

2 = 2.5 × 10−3 eV2

Δ𝑚𝑚2

2p = 3.8 × 10−10:−12 eV
1.2 × 10−11:−14 eV

p2 ≫ 2𝑚𝑚DMp ≫ 𝛿𝛿𝑚𝑚2,𝑚𝑚𝑒𝑒
2 ; p2 ≫ 𝛿𝛿𝑚𝑚2 ≫ 2𝑚𝑚DMp,𝑚𝑚𝑒𝑒

2

𝐸𝐸𝜈𝜈 ∋ ∓𝜖𝜖
2𝛿𝛿𝑚𝑚2 −𝑚𝑚𝑒𝑒

2

2𝑚𝑚DMp
𝛿𝛿𝑚𝑚2

2p ; ±𝜖𝜖𝑚𝑚DM

𝑚𝑚DM ≈ 10−10:−14 eV:



Discussions

• Neutrino oscillation may be due to the medium effect.
• Observing 0𝜈𝜈𝜈𝜈𝜈𝜈 will exclude the Weyl neutrino oscillation. 
• Astrophysical & cosmological bounds on the neutrino-DM int
eraction.

• Origin of DM density?
Ultra-light cold DM, coherent oscillation, late decay, …

• Sensible UV-completion?
Dark sector coupling only to neutrinos…
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